DH Bach Khoa Ha Noi Vién Toan U’ng Dung va Tin hoc

Bai tap tham khao
Hoc phan: Dai s6 - Ma hoc phan MI1141.

Chuong 1. Tap hdp - Logic - Anh xa - CAu trac dai
s6 - S6 phiic

Bai 1. Lap bang gia tri chan 1y ctia cac biéu thiic ménh dé sau
(a) [AN(BVC)] = C. (b) [AN(BVC)]AB.

Bai 2. (CK 20152) Cho p, g 1a cdc ménh dé. Hai ménh dé (p — q) — g va pV ¢ ¢6 tuong duong logic
khong? Vi sao?

Bai 3. Chitng minh ring:

(a) A<+ Bva (AAB)V (AAB) la tuong duong logic.

(b) (A— B) — Cva A— (B — C) khong tuong duong logic.
(¢) A< B va A< B la tuong duong logic.

Bai 4 (GK 20171). Cho cac ménh dé A, B va C théa man (AAC) — (BAC) va (AVC) — (BVC)
la cac ménh dé dung. Chiing minh rang A — B 1a ménh dé dung.

Bai 5. Cho ménh dé logic "Néu 2020 1a s6 1& thi n6 chia hét cho 3". Héi ménh dé 1a ding hay sai?
Giai thich?

Bai 6. Cho ham s6 f xac dinh tréen R. Ham s6 f 1a don anh c6 thé duge xac dinh bsi menh dé "Véi
moi z1, x5 thuoc tap R, néu f(z;) = f(x2) thi z; = 2,". Hay dimng cac ki hicu dé dién t4 menh dé
tréen vA ménh dé pht dinh ctia n6. Tt d6 dua ra cach chiing minh mot ham s6 khong phéai 1a don
anh.

Bai 7. Gia st f(z), g(z) 1a cAc ham s6 xac dinh trén R. Ki hiéu cac tap hgp sau:
A={zeR| f(x)=0},B={x € R | g(z) =0}.
Biéu dién tap nghiem phuong trinh sau qua hai tap hop A, B :
(a) f(z)g(x) =0. (b) [f(@)]* + [g(x)]* = 0.
Bai 8 (GK20141). Cho cac tap hop A = [3;6), B = (1;5),C = [2;4]. Xéc dinh tap hop (AN B)\C.
Bai 9. Cho A, B,C, D la cac tap hop bat ki, ching minh:
(a) AN(B\C)=(ANB)\ANCOC).
(b) AU(B\A) =AUB.
(c) (A\B)N(C\D)=(AnC)\(BUD) (GK20151).
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Bai 10. Cho hai anh xa

f:R\{0} - R g:R—=R
1 2x
T — T
x 1+ 22

Anh xa ndo la don anh, toan anh. Tim g(R).

(a)

(b) Xac dinh &nh xa h =go f.

Bai 11. Chiing minh cac tinh chat ctia &nh va nghich anh clia &nh xa f: X — Y

f(AUB) = f(A)Uf(B); A,BCX.

f(ANB) C f(A)N f(B); A, B C X. Neu vi du chitng t6 diéu nguge lai khong dung.
(AUB)=fY(AUf(B); AABCY.
HANB)=fY(ANfYB); ABCY.

(e) ST A\B)=fT(ANfT(B); A, BCY.

Bai 12. Cho anh xa f : R — Rxdc dinh bdi f(z) = 2*+4o0—-5,Vr e R, viA={zr e R | -3 <z < 3}.
Xac dinh cac tap hop f(A) va f~1(A).

Bai 13 (CK 20161). Cho 4nh xa f : R? — R?, f(z,y) = (v +y,z — y) va tap
A={(z,y) eR*| 2* +y* =9}
Xac dinh céc tap hop f(A) va f~1(A).

Bai 14 (GK 20171). Cho anh xa f : R? — R?, xac dinh béi f(z;y) = (2> —y;2 +y). Anh xa f ¢6
la don anh, toan anh khong? Vi sao?
Bai 15. Cho tap Z4 = {0, 1,2, 3} dugc trang bi luat hop thanh nhu sau: véi a,b € Zy, ta c6

axb=(a+0b) mod 4.

(a) f(
(b) f(
(c) f
(d) f

f
f

(a) Chitng minh rang * 13 mot phép toan déng trén Z,.
(b) HO6i (Zy4, %) ¢6 phéi 1a mot nhém khong?
Bai 16. Cho G = {f1, fa, f3, f1, f5, fo} 1a tap céc anh xa tit R\{0; 1} — R\{0; 1} xdc dinh nhu sau:

X

Fi@) = 23 o) = T3 o) = 1 = 3 fale) = =5 fola) = 1= 5 fola) =

(a) Tinh f, o fo.
(b) Lap bang dé biéu dién gid tri f; o f; v6i moi i, j = 1,6.

r—1

(¢) Ching minh G cung v6i phép toan tich anh xa 1ap thanh mot nhém khong Abel.

Bai 17. Néu ro cac tap sau véi cac phép toan cong va nhan thong thuong c¢6 1lap thanh mot vanh,
truong khong?

(a) Tap cic s6 nguyen 1é.

(b) Tap cac s6 nguyén chén.

(

(d) X ={a+bv2]|a,beZ}

)
c¢) Tap cac s6 hitu ti.
) X
(e) Y ={a+b/3]|a,bcQ}.
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Bai 18. Viét cac s6 phiic sau dudi dang chinh tac:

(a) (1+14v/3)°. (b) SH;E (c) (24 iV12)°(V3 — i)t

Bai 19. Tim cac can bac 8 clia s6 phic: z = 1 — i/3.

Bai 20. Tim nghiém phtic cia phuong trinh sau:

_ — 1024
(a) 22+ 2+1=0. (e) 27 = (2)3 _
(b) 2% +2iz—5=0.
8 N o
(c) 2* —3iz?2 +4=0. () #(V3+i)=1~i
(d) 26 —723-8=0. (g) iz — (1 +8i)z + 7+ 17i = 0 (GK 20171).

Bai 21 (GK 20141). Cho €, €9, ..., €914 & cac can bac 2014 phan biét phiic ctia don vi 1. Tinh

2014

A= Ze?
i=1

(x4+1)P°—-1
- —

Bai 22. Cho phuong trinh 0.

(a) Tim céc nghiém ctia phuong trinh trén.

(b) Tinh modun cia cac nghiém.

8
(¢) Tinh tich ctia cac nghiém, tit d6 tinh [] sin £

k=1
Bai 23 (CK 20161). Cho anh xa f: C — C, f(2) = iz® + (4 — i)z — 94, v4i 4 1a don vi 0. Xac dinh
{7

Bai 24 (GK 20171). Cho 2, 23 1a hai nghiégm phiic clia phuong trinh 22 — z 4+ ai = 0, v6i a 13 mot
s6 thuc va i 1a don vi 4o. Tim a biét |27 — 23| = 1.

Chuong 2. Ma tran - DPinh thic - Hé phuong trinh

Bai 1. Cho cac ma tran

-3 2 2 11 B
~1|,B=|-230 ,C:{2
2 4

) 112}'
3 -2 1

4 =2

Trong cac phép toan sau: BCT, A+ BC, ATB — C, A(BC), (A + 3B)CT, phép toan nao thic hién
duge. Néu thue hien dude cho biét két qua.
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Bai 2 (CK 20152). Cho A = [ _11 3} ,B = [ _11 (1] ] va E la ma tran don vi cap 2.

(a) Tinh F = A% — 3A.

(b) Tim ma tran X théa man (A% +5E) X = BT (34 — A?).

1 -2 3
Bai 3. Chomatran A= | 2 —4 1 | vaham s6 f(x) = 32* — 2z + 5. Tinh f(A).
3 =5 3
Bai 4. Tinh A", v6i
cosa —sina a 1 0
<8L)A_{sina cosa } (b)y A=10 a 1
0 0 a
Bai 5. Tim tat ca cdc ma tran vuong cap 2 thod man:
0 0 10
2 _ 2 _
wr-[00] weo]) 0]

Bai 6. (a) Chiing minh réng ma tran A = [ Z Z

} thod man phuong trinh sau:
2 — (a+d)xr + ad — be = 0.

(b) Chiing minh v6i A 1a ma tran vuong cap 2 thi: A¥ =0, (k > 2) & A2 =0.

Bai 7. Khong khai trién dinh thitc ma ding céc tinh chat ctia dinh thiic dé chitng minh:

CL1+b1.I’ CLl—bl.Z' C1 aq bl C1
(a) CLQ"‘bQI’ (lg—bgl’ (6)) = -2 Qo bg (&)
a3+b3x ag—bgl' C3 as bg C3
1 a be 1 a a?
M) |1 b a|=|110b V?
1 ¢ ab 1 ¢ &

Bai 8. Tinh cac dinh thtc sau:

1 3 5 -1 a+b ab a®+b? 1 1 2 3

12 -1 -1 4 (b) B=|b+c be b*+¢ 1 2-a22 2 3

(@) A=\ 1 7| c4+a ca a®+c ) D=19 "3 1 5
77 9 1 2 3 1 9—g2

Bai 9. (a) Chiing minh néu A la ma tran phan xting cap n 18 thi det(A) = 0.

(b) Cho A la ma tran vuong cap 2019. Chiing minh det (A — AT) =0.
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Bai 10. Tim hang ctia cac ma tran sau:

1 3 5 -1
9 —1 -1 4
() A=1 o 1 4 4
77 9 1

Bai 11 (GK 20141). Tim m dé hang ctia ma tran A =

Bai 12. Tim ma tran nghich dao ctia cac ma tran sau:

(a)A:lgﬂ' (b) B

3
2
3

Bai 13 (GK 20151). Tim a dé ma tran A =

-4 5
-3 1
-5 1

a+1 -1
3

a+1
a—1 0

Bai 14. Chiing minh ring ma tran A vuong cap n thod man

4 3 -5 2 3
8 6 =7 4 2
4 3 -8 2 7
4 3 1 2 -5
8 6 -1 4 —6
-1 1 2
-1 2 2 1 | bang?2
0 4 m
1 —a O 0
0 1 —a 0
() €= 0 O 1 —a
0 0 0 1
a
3 kha nghich.
a—1

arAF + a1 AN+ +ar A+ agE =0, (ag #0)

thi A 14 ma tran kha nghich.

Bai 15. Cho A =

AX +B=C"T.
Bai 16. Giai hé phuong trinh sau:

3x1 — by + 23 + 4y = 2
(a) 7$1 — 4%’2 + 3+ 3334 =5
5x1 + Txy — 43 — 614 = 3.

3r1 —x9+3x3=1

(b) —4:61 + 21’2 +x3 = 3
—21]1 + T9 + 41‘3 =4

L 101‘1 - 51’2 - 6]73 = —10.

21’1 +31’2+4l’3 =1
(C) 31’1 —ZEQ—I—?L’g =2

51‘1 +2ZL‘2+55L’3 =3
Ty — 4xy — 323 = 1.

\

o-|

2 12 10
6 16 7

} . Tim ma tran X thda man
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Bai 17. Giai hé phuong trinh sau bang phuong phap Gauss:

r+2y —z +3t=12 r+2y+3z+4t=-4
(a) 20 +5y —z +11t =49 (b) § z+2y+4z+2t=-3
3r+ 6y —4z +13t =49 T+ 2y + 2z + 7Tt = —6.

r+2y —2z 49t =33.

(@a+5)z+3y+(2a+1)z =0
Bai 18 (GK 20171). Tim a dé he ax + (a — 1)y + 4z =0 c¢6 nghiem khong tam thuong.
(a+5)zr+(a+2)y+52z =0

mxy, + 2x9 — 3 = 3
Bai 19. (CK 20172). Tim m dé hé phuong trinh Ty +mzy + 2x3 =4  ¢6 nghiém duy nhat.
25(]1 + 3.172 + T3 = —MmM

:v1+2:v2—933+mx4:4
—$1—$2+3$3+2£L’4:/{
207 —x9 —3x3+ (M — 1)y =3
T1 + X9 + x3 + 2may = 5.

Bai 20. Cho hé phuong trinh

(a) Giai hé phuong trinh khi m =2,k = 5.
(b) Tim diéu kien dé hé c6 nghiém duy nhat.

(¢) Tim diéu kien dé he phuong trinh c6 vo s6 nghiém.

Chuong 3. Khong gian vécto

Bai 1. Tap V véi cac phép toan c6 phai la khong gian vécto khong?
(a) V ={(x,y,2) | x,y,z € R} v6i céc phép toan xac dinh nhu sau
(z,9,2) + (2,9, ) = (@ + 2y + ¢, 2+ )
k(z,y, 2) = ([klz, [kly, |k]2).
(b) V = {(x1,22) | 1 > 0,25 > 0} C R? v6i cac phép toan xac dinh nhu sau:

(1, 22) + (Y1, y2) = (T1Y1, T2y2) VA

k ($17$2) = (ﬁﬁ@ )

trong d6 k 1a s6 thuyc bat ky.

Bai 2. Chiing minh cac tap hgp con ctia cac khong gian vécto quen thudc sau la cac khong gian
vécto con cia ching:

(a) Tap E = {(x1, 9, 23) € R | 221 — 5z9 + 323 = 0}.
(b) Tap céac da thiic ¢6 he s6 bac nhéat bang 0 (he s6 clia x) cia KGVT P, [z].

(c) Tap cac ma tran tam giac trén clia tap cac ma tran vuong cap n.

6
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(d) Tap cac ma tran do6i xing clia tap cAc ma tran vuong cap n.
(e) Tap céc ma tran phan xing ctia tap cac ma tran vuong cap n (a;; = —aj;).
Bai 3. Cho Vi, V5 1a hai khong gian vécto con cia KGVT V. Chitng minh:

(a) V1NV, 1a KGVT con ctua V.
(b) Cho Vi 4+ V4 :={ug +uz | ug € Vi, uy € Vo} 1a KGVT con cia V.

Bai 4. Cho Vi, V5 la hai khong gian vécto con cia KGVT V. Ta néi Vi, V, 1a bt nhau néu
Vi + Vo =V, ViNVy = {0}. Chiing minh rang V;, V5 bt nhau khi va chi khi moi vécto u ctia V' c6
biéu dién duy nhat dudi dang u = u; + ug, (u; € Vi, uy € Va).

Bai 5. Trong KGVT V, cho hé vécto {uy, us, . . ., Un, Upi1 } 12 phu thudc tuyén tinh va {uy, us, . . ., u, }
12 hé doc lap tuyén tinh. Chitng minh w,.; 1a t6 hgp tuyén tinh ciia cac vécto uy, us, . . ., Un.

Bai 6. Cho {vy,vs,...,0,} 1a hé sinh cua Wy, {uy, us,...,u,} 1a hé sinh cua Wy, v6i Wy va Wy la
cac khong gian con ctia V. Ching minh {vy, ..., vy, u1, ug, ..., u,} 1& hé sinh cia Wy + Ws.

Bai 7. Trong R3 xét xem cac hé vécto sau doc lap tuyén tinh hay phu thudc tuyén tinh:
(a) vi = (4;-2;6),v0 = (=6;3; -9).

(b) o1 =(2;3; —1), 02 = (3; =1;5),v3 = (=1;3; —4).

(¢) v1 = (1;2;3),v2 = (3;6;7),v3 = (=3;1;3),v4 = (0;4; 2).

Bai 8. Trong khong gian P[x], xét xem hé vécto B = {u; = 1 + 2z, upy = 3z — 22, uz = 2 — v + 2%}
doc lap tuyén tinh hay phu thuoc tuyén tinh.

Bai 9. Trong R3, chiing minh v; = (1;1;1),v9 = (1;1;2),v3 = (1;2;3) lap thanh mot co s8. Xac
dinh ma tran chuyén tit co s§ chinh tic sang co s6 trén va tim toa do ctia z = (6;9;14) d6i v6i co s6
trén theo hai cach truc tiép va dung cong thic doi toa do.

Bai 10. Trong céc truong hgp sau, chitng minh B = {vy, vo, v3} 13 mot co sé ctia R3 va tim [v]p biét
rang:

(a) vy = (2;1;1),v3 = (6;2;0),v3 = (7;0;7),v = (15;3; 1).

(b) v1=(0;1;1),v2 = (2;3;0), v3 = (1;0;1),v = (2; 3; 0).

Bai 11. Tim co s6 va s chieu cia KGVT sinh béi hé vécto sau:

(a) vy = (2;1;3;4), v = (1;2;0;1),v3 = (—1;1; —3; 0) trong R*.

(b) v1 = (2;0;1;3; =1),v2 = (1; 1;0; =1; 1), 03 = (0; =2; 1;5; =3), v4 = (1;—=3;2;9; =5) trong R®.

Bai 12. Trong R?* cho cac vécto : vy = (1;0;1;0), vy = (0;1; —=1;1),v3 = (1;1;1;2),v4 = (0;0;1;1).
Dt Vi = span {vy, ve}, Vo = span {vs, v4}. Tim co s§ va s6 chiéu ciia cac KGVT Vi + Vo, Vi N V.

Bai 13. Trong P3[z| cho céc vécto v = 1,vy = 1+ z,v3 = x + 22, vy = 22 + 2.
(a) Ching minh B = {vy, v, v3,v4} 1& mot co sé cta Psx].

(b) Tim toa do cta vécto v = 2 + 3z — 2% + 22 ddi véi co 6 trén.

7
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(c) Tim toa do clia vécto v = ag + a1x + apx? + azz® d6i véi co s6 trén.
Bai 14 (CK 20151). Trong R*, cho céc vécto
up = (153, =25 1), u = (=2;3;1;1),u3 = (2, 1;0; 1), u = (1; =15 =3;m).
Tim m dé u € span {uy, ug, us}.
Bai 15. Cho KGVT Ps[z] va hé vécto sau
=1+ 4220 =0—22 4223 v3 =242+ 3230 = -1+ — 2% + 2.
(a) Tim hang ctia hé vécto.
(b) Tim mot co s6 cuia khong gian span {vy, vg, v3, V4 }.
Bai 16 (CK 20151). Cho khong gian Psg15[z| cdc da thic bac khong qua 2015 va tap
Wi ={p € Paus[] | p(—z) = p(x), Yz € R}.

Chiing minh rang W; 1a khong gian con clia Pyy5[z]. Chi ra s6 chiéu va mot co sé ctia Wi (khong
can chiing minh).

Bai 17. Tim co s va s6 chiéu ciia khong gian nghiém ctia hé phuong trinh thuan nhat sau:

Ty — To+ 203+ 224 — x5 =0 201 — X9 + 313 — 224 + 425 =0
(a) T —2$2+3SL’3—1’4+5$5 =0 (b) 45(31 —2I2+5$3+$4+7SL’5 =0
21’1+[E2+I3+ZE4+3[E5:0 2ZE1—JZQ+ZE3+8I4+2I5=0.

31’1—ZL‘2—2I’3—ZL‘4+J}5:O.
Bai 18. Cho U,V la cac khong gian hitu han chiéu. Chiing minh

dim(U 4+ V) = dim(U) + dim(V) — dim(U N V).

Chuong 4. Anh xa tuyén tinh

Bai 1. Cho 4nh xa f: R? — R? x4c dinh bdi cong thic f (1,79, 23) = (311 + 19 — 3,271 + X3).
(a) Chiing minh f 1a 4nh xa tuyén tinh.

(b) Tim ma tran ctia f ddi véi cap co sé chinh tac.

(¢) Tim mot co s6 cta Ker f.

Bai 2. Cho anh xa f : By[z] — P[x] x4c dinh nhu sau: f(p) = p + 2°p,Vp € P[z]

(a) Chiing minh f 1a 4nh xa tuyén tinh.

b) Tim ma tran cta déi v6i cap cd sé chinh tic Fy = {1, z, 2%} cta Pylx| va By = {1, x, 22, 23, z*
( ) p ) ) b ) ) )

cia Pylz].

(¢) Tim ma tran cta f ddi véi cap co s6 B} = {1+ x,2z,1 4+ 2%} cla Pyz] va By = {1, 2,27, 23, 2%}
cia Py[z].
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Bai 3 (CK 20151). Cho anh xa tuyén tinh f : Py[z] — P;[z] théa man:
f(1=2%)==3+3z—62", f 3z +22%) =17+ + 162>, f (2+ 62 + 32*) = 32 + Ta + 252°.

(a) Tim ma tran ctia f d6i véi co sd chinh tac clia Py[z]. Tinh f (1 + 2?).

(b) Xac dinh m dé vécto v = 1 + z + ma? thuoe Im f.

Bai 4. Cho dnh xa f : R® — R3 xac dinh béi f (21, 2o, xg) (xl + X9 — 3,11 — To + T3, —T1 + To + T3).
Tim ma tran cta f doi véi co s6 B = {v; = (1;0;0),ve = (1;1;0),v3 = (1;1;1)}.

Bai 5 (CK 20151). Cho &nh xa tuyén tinh f : Py[x] — P3[z] thda man:
f(1—=2%) ==3+3z—062% f (3w +22%) =17+ x + 162°, f (24 6z + 32%) = 32 + Tz + 252°.
(a) Tim ma tran cta f d6i véi co sd chinh téc ctia Py[z]. Tinh f (1 + 2?).

(b) Xéc dinh m dé vécto v = 1 + o + ma? thuoc Im f.

1 3 -1
Bai6. ChoA= | 2 0 5 | lamatranctaaxtt f: Pfz] — Py[x] dbi v6i co s6 B = {vy1, va, v3}
6 —2 4

trong dé: vy = 3z + 322, vy = —1 4 3 + 22%,v3 = 3 + Tv + 222
(a) Tim f (v1), f (v2), f (v3).
(b) Tim f (1 + 2?).

3 =2
Bai 7. Cho ma tran A = 1

~ N =

0

6 1 | la ma tran clia anh xa tuyén tinh f: R* — R?® déi véi
-3 0 1
cap co 86 B = {vy,v9,v3, 04} ctia R v B' = {uy, us, us} ctia R? trong do :

vy = (0;1;1;1),09 = (2;1; =1, —1),v3 = (1;4; —1;2),v4 = (6;9;4;2) va
= (0:8;8),up = (=7;8;1),us = (=6;9; 1).
(a) Tim [f (01)lg, [f ()]s [f (03)]g [f (va)]5r-
(b) Tim f (Ul) ) f (UQ) ) f (U?)) 7f (1}4)'
(c) Tim f(2;2;0;0).
Bai 8. Cho toan tii tuyén tinh trén Pz xac dinh bdi:
fA+2z) =—19+ 120+ 22% f(2+z) = —14 + 9z + 2°; f (2°) =4 — 22 — 22°

Tim ma tran ctia f doi v6i co s6 chinh tac ctia Ppfz] va tim rank(f).

Bai 9. Cho V,V’ 14 2 KGVT n chiéu va f : V — V' la anh xa tuyén tinh. Chiing minh céc khing
dinh sau tuong duong:

(a) fla don &nh. (b) f la toan &nh. (c) f la song &nh.
Bai 10 (CK 20141). Cho toan tit tuyén tinh trén R® xac dinh bdi
f(zr@23m3) = (21 — 229 + X35 21 + T2 — T3;Ma1— T2 + T3)

v6i m 1a tham s6. Xac dinh ma tran ctia f déi v6i co s6 chinh tic ctia R? va tim m dé f 1a mot toan
anh.
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Bai 11. Tim céc gia tri riéng va cd sé khong gian riéng clia cac ma tran:

()A_zao [ 2 -1 0 4 =5 2
AR I e C=|35 -3 3| ) E=|5 -7 3
-1 0 -2 6 —9 4

0 10

[10 -9 d) D=| -4 40

@)B—{4_4]- |21 2

Bai 12. Cho bién doi tuyén tinh f : Py[x] — P[x] x4c dinh nhu sau:

f (ao +a1r + ang) = (5ag + 6a1 + 2as) — (a1 + 8az) x + (ag — 2asy) 2.
(a) Tim céc tri rieng cia f.
(b) Tim céc vécto riéng tng véi cac tri rieng tim duge.

Bai 13. Tim ma tran P lam chéo hoa A va xac dinh P~'AP khi d6 véi:

—14 12 1.0 0
@)A_l—m N}‘ ) C=|011
011
(2 1 -2
J1 0 dD=]03 1

(b) B {6_1] | 0 0

Van dung tinh A™.

Bai 14. Ma tran A c6 dong dang v6i ma tran chéo khong? Néu c6, tim ma tran chéo do:

1 4 -2 50 0 00 0
(a) A=| -3 4 0 [. (b) B=1|1 5 0 e C=]000
-3 1 3 015 301

Bai 15. Tim cd 86 ctia R dé ma tran cta f : R® — R3 c¢6 dang chéo trong do
(a) f(x1,29,23) = (221 + 2 + T3, 71 + 229 + X3, 21 + T + 223).
(b) f(x1,29,23) = (221 — X9 — T3, 71 — X9, —T1 + T2 + 273).
Bai 16 (CK 20172). Cho toan ti tuyén tinh trén R?® xac dinh béi:

f(132;-1) = (4,-2;-6), f(1; 1;2) = (5;5;0), f(1;0;0) = (1;2;1)
(a) Tim m dé u = (6; —3;m) € Im(f).
(b) Tim cac gia tri riéng va vécto riéng cua f.

Bai 17. Cho f: V — V la toan ti tuyén tinh. Gid st f2 = fof: V — V c6 gia tri rieng A\2. Chiing
minh mot trong 2 gia tri A hoac —A la gia tri riéng cua f.

-3 1 2
Bai 18 (CK 20161). Cho anh xa tuyén tinh f : Py[z] — P[z] c6 ma tran A = 6 0 —3 | doi
—-10 2 6

v6i co s6 chinh tic {1, z,2?} cla Py[z].
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(a) Tinh f(1+ 2+ 2?). Tim m dé v = 1 — 2 + ma? thuoc Kerf.

(b) Tim mot co sé ciia Py[r] dé ma tran clia f ddi véi co s6 d6 c6 dang chéo.

Bai 19. Cho A 1a ma tran kich thuée m x n, B la ma tran kich thuéc n x p. Chiing minh
rank(AB) < min{rank(A), rank(B)},

v6i rank(A) ki hiéu 1a hang cia ma tran A.

Chuong 5. Dang song tuyén tinh, dang toan phuong,
khong gian Euclide, duong mat bac hai

Bai 1. Cho f la dang song tuyén tinh trén khong gian vécto 3 chiéu V' c6 ma tran déi véi co sd

1 -1 0
B={ujupus}laA=1| -2 0 —2 |.Choh:V — V la anh xa tuyén tinh c6 ma tran déi véi
3 4 5
-1 1 1
cos6BlaB=| -3 —4 2
1 -2 -3

(a) Xac dinh f (ui;us); f (u1 — ug + ug, 2uy + 3ug — ug).

(b) Chitng minh anh xa g(u,v) = f(u,h(v)) la dang song tuyén tinh trén V. Tim ma tran ctia né6
do6i véi co sé B.

Bai 2. Cho dang song tuyén tinh trén P[x] xac dinh béi f(p(z), ¢(z)) = p(1)¢(2). Tim ma tran va
biéu thitc ctia f d6i véi co s6 chinh téc.

Bai 3. Trén R? cho cac dang toan phuong w c6 biéu thic toa do:

wy (T1, To, T3) = 11 + 525 — 4o 4+ 2201709 — 40113 VA Wy (T, T, T3) = 2179 + 47173 + o3
(a) Béang phuong phap Lagrange, dua dang toan phuong vé dang chinh tic.
(b) Xét xem céc dang toan phuong xac dinh duong, xdc dinh am khong?
Bai 4. Xéc dinh a dé cac dang toan phuong xac dinh duong:
(a) bt + 23 + axl + dw11y — 22103 — 22973,
(b) 222 + 23 + 322 + 2ax179 + 22173.
(c) 2% + 23 + b2 + 2aw179 — 27173 + 42973
Bai 5. Cho dang song tuyén tinh trén R? xac dinh béi:

(1,2, 23), (Y1, Y2, ¥3)) = 221y1 + T1Y2 + Tayr + aTays — 222y3 — 223y + 3T3Ys3,

(a 1a tham s6). Tim ma tran ctia dang song tuyén tinh trén doi véi co s6 chinh tic ctia R? va tim
diéu kién ctia a dé dang song tuyén tinh la mot tich vo huéng trén R3.

11
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Bai 6. Trong R? trang bi mot dang song tuyén tinh nhu sau:

4 2 -1
flz,y) = (x1, 9, 23) A(yr,y,y3) VOt A= | 2 3 4 | vax = (v1,22,23),y = (1,2, Y3)-
-1 a®> 2a

Xac dinh a dé f(z,y) 1a mot tich vo hudéng trén R3.

Bai 7. Gia stt V 1a KGVT n chiéu v6i co s6 B = {ey, e, ..., e,}. Vi u,v 1a cac vécto ctia V' ta ¢
u=aje; + ages + ...+ anen;v = breg + boes + ... + bpe,. Dat (u,v) = a1by + agbs + ... + a,by,.

(a) Chung minh (u,v) 1a mot tich vo hudéng trén V.

(b) Ap dung cho trudng hop V = R3 véie; = (1;0;1),e5 = (1;1; —1),e5 = (0;1; 1), u = (2; —1; =2),v =
(2;0;5). Tinh (u,v).

(¢) Ap dung cho trusng hop V = Py[z], véi B = {1;2; 2%} ,u = 2+ 322, v = 6 — 3z — 322, Tinh (u, v).

(d) Ap dung cho truong hop V = Pyfz], véi B = {1 + ;22,2 — 22} ,u = 2+ 322, v = 6 — 3z — 322,
Tinh (u,v).

Bai 8. Xét khong gian Ps[r]. Kiém tra cic dang (p, ¢) sau c6 phai la tich vo huéng hay khong?
(a) (p,q) = p(0)q(0) +p(1)g(1) + p(2)q(2).

(b) {p,q) = p(0)q(0) +p(1)q(1) + p(2)q(2) + p(3)q(3).

() (pq) = [, p(x)g(w)dz.

Trong truong hop 1a tich vo huéng tinh (p, q) v6i p = 2 — 3z + bz? — 23, = 4 + v — 32% + 223,
Bai 9. Cho V la khong gian Euclide. Chitng minh:

(@) flu+ vl + llu—ol* =2 (Jull® + [Jv]]*).

(b) u L v ||u+v]?=ul|®+ ||v||*VYu,v e V.

Bai 10. Cho co s6 B = {(1;1;—2),(2;0;1),(1;2;3)} trong khong gian R? véi tich vo huéng chinh
tac. Truc giao héa Gram-Schmidt co sé B dé thu dudc co s6 truc chuan B’ va tim toa do ciia vécto
u = (5;8;6) doi v6i co s6 B'.

Bai 11. Cho R* v6i tich vo huéng chinh tac. Cho u; = (6;3; —3;6), uy = (5;1; —3;1). Tim co s6 tric
chuan ctia khong gian sinh bdi {uy, us}.

Bai 12. Trong P»[z] dinh nghia tich vo huéng (p,q) = f_llp(x)q(m)dx VOl p, q € Po[z].
(a) Tryc chuan hoa Gram - Schmidt co s6 B = {1;x; 2%} dé nhan dugc cd s6 true chuan A.
(b) Xac dinh ma tran chuyén co sé tit B sang A.
(c) Tim [r]4 biét r = 2 — 3z + 322
Bai 13. Tim hinh chiéu tryc giao cia vécto v lén khong gian sinh béi vécto v:
(a) u=(1;3;—-2;4),v = (2;—2;4;5). (b) uw=(4;1;2;3;=3),v = (—1;=2;5;1;4).
Bai 14. Cho khong gian R? véi tich vo huéng chinh tic va céc vécto

u=(3;-21),01 = (22;1), 02 = (2;5;4).

Dat W = span {vy, vo}. Xac dinh hinh chiéu tryc giao clia vécto u lén khong gian W.
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Bai 15 (CK 20161). Trong khong gian R? véi tich vo huéng chinh téc, cho cac vécto
u=(1;2-1),0=(3;6;3)
vadat H={w eR3|w L u}.
(a) Tim mot cd sd tric chuan ctia khong gian H.
(b) Tim hinh chiéu tryc giao ctia v lén khong gian H.
Bai 16. Trong R’ v6i tich vo huéng chinh tic cho cac vécto
v1 = (1;1;0;0;0), v = (05 1; =1;2; 1), 03 = (2;3; —1;2; 1).
GoiV={zeR |z Luv,i=1;2;3}
(a) Chiing minh V' 1a khong gian vécto con clia R>.
(b) Tim dim V.
Bai 17. Cho V; 1a khong gian con m chiéu ctia khong gian Euclide n chiéu V. Goi
Vo={zeV]xzLovVwel}.

(

a) Ching minh V5 14 khong gian vécto con cia V.
(b) Chtng minh V4 va V5 bt nhau.

(¢) Tim dim V5.

Bai 18. Chéo hoa truc giao cac ma tran sau
(1 0 0
(a) A=]0 1 1
|0 11
[ -7 24
CEN i
[ 1 -1 0]
(c)C=|-1 1 0
0 0 1]
7 -2 0]
d D=| -2 6 2
| 0 2 5 |

Bai 19. Dua dang toan phuong vé dang chinh tic bang phuong phép triyc giao

(a) o3 + 23 + 23 + 22120 (b) 723 + 623 + 523 — 4dx179 + 4973
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Bai 20. Nhan dang duong cong phéng sau:

(a) 22% —day —y* +8=0. (c) 1122 + 24xy + 4y* — 15 =0
(b) x* +2zy +y* +8x +y = 0. (d) 222 + 4zy + by* = 24.

Bai 21. Nhan dang cac mat bac 2 sau:

(a) 1% + xo? + 73 + 27179 = 4.

(b) 5z? + y* + 22 — 6y + 2x2 — 22y = 1.

(c) 222 + 222 + 322 — 22119 — 21973 = 16.

Bai 22. Cho Q (1, x9, x3) = 9112 + 723 + 1122 — 87179 + 87123. Tim

Mazx Q<x17x27‘r3) va Min Q(SE17$27$3)'

m%+x%+x§:16 ac%—l—ac%—f—xg:lG
Véi gia tri nao thi Q (1, re, x3) dat max, min.

Bai 23. Cho A, B la cidc ma tran vuong do6i xitng cap n c6 cac tri rieng déu duong. Chitng minh
A+ B ciing c6 cac tri riéeng duong.
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