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3. KHONG GIAN EUCLIDE 1

Trén khodng gian cic véc to thdong thudng, chiing ta da nghe quen thudc véi cic khai niém nhu tich v hudng, géc
cac véc to, db dai, quan hé truc giao, hinh chiéu truc giao,...M&t ciu hdi tu nhién la trén cdc khdng gian véc to
tong quat cé cac khéi niém nay khdng? Cac khéi niém dugc xay dung va ng dung nhu thé nao?

Muc tiéu

- Kién thiic: Sinh vién hiéu dugc khéi niém tich vé huéng dinh nghia khéng gian Euclide va cic vAn d& cin
xem xét trén khong gian Euclid

- Ki nang: Kiém tra tich vé hudng, xem xét quan hé truc giao trén khong gian Euclide nhu hé truc giao, truc
giao hda, khéng gian truc giao, hinh chiéu truc giao, phép bién dbi truc giao, bai todn chéo hda truc giao.
w

NGi dung

3.1 Khai niém tich v6 hudng va dinh nghia khéng gian Euclide
3.2 D& dai va gbc cha cic véc to

3.3 Quan hé truc giao trén khéng gian Euclide

3.4 Ma tran tryc giao v3 phép bién déi truc giao

3.5 Phép bién d8i dbi xing va bai toin chéo héa truc giao
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3.1. Khai niém tich vo hudng va dinh nghia khong gian Euclide 1
Dinh nghia tich vé6 huéng. Cho V |13 mét R-khéng gian. Tich v6 huéng trén V 13 mét dang song tuyén tinh di
xting ma dang toan phuong cta né 1a xac dinh duong.
Vi du

1. Cho V =R? z = (z1,22),y = (y1,y=2). Ta xét dang sau:

f(z,y) = z1y1 + 212

13 mét dang song tuyén tinh d&i xdng, xac dinh duong trén R?, nén 13 mét tich vé hudng

2. Téng quét, cho V =R", z = (x1,22,...,2n),y = (¥1,%2,...,0),..., vd A |3 mbt ma tran dbi xting cip n
6 cac dinh thitc con chinh déu duong. Ta xét dang sau: f(z,y) = z7 Ay 13 mét tich v6 hudng trén R™.
Ngugc lai, khi chon truéc co sé clia khéng gian V', mdi tich v6 hudng sé tuong iing véi mdt ma tran A déi
xting cAp n ¢6 cac dinh thdc con chinh déu duong.

3. Cho V' = P;z], p(z), q(x) 1a hai da thic cia V. Khi d6 dang sau: f(p(z), q(z)) :p(O)q( ) +p(1)g(1) la
mot dang song tuyén tinh déi xiing nhung khéng xac dinh duong (vi du nhu f(z? — z,2? — x) = 0 nhung
z? — x # 0). Do d6, day khéng phai 1a mét tich vé hudng

4. Cho V = Cly la kh6ng gian véc to cic ham lién tuc trén doan [a;b], f(z), g(z) € V. Khi dé dang sau:

T(f( / f(x)g(xz)dx 1a mdt dang song tuyén tinh di xding va dang toan phuong lién két véi T

2 o(f(x)) = / [f(x)]?dx xac dinh duong nén T 1a mét tich v6 hudng trén V.
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3.1. Khai niém tich v6 huéng va dinh nghia khong gian Euclide 1

sam

Dinh nghia. Mot khdng gian vecto thuc ma trén dé da cho mét tich vé hudng dudc goi la mét khéng gian
Euclide. Tich v& huéng trén khéng gian Euclide thudng dugc ky hiéu la (u,v).
Vi du 1. Trong khéng gian V = R", véi u = (1, ..., &n), v = (Y1, ..., yn), ta dit:

(u,v) = Z Tiyi.
i=1

(u,v) 1a mét tich v& hudng, tich nay dugc goi 1 tich v& hudng chinh tic cia R™. Khi dé ta c6 khong gian
Euclide R™.

Vi du 2. Ky higu Cl, y) 1a khdng gian cdc ham lién tuc trén doan [a,b]. Khi dé tich vé huéng cho béi

b

(f.9) = / f(@)g(e)da

a

bién Cla,p) thanh mdt khdng gian Euclide.
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3.2. D6 dai va gbc cia cac véc to el
Tich v6 hudng (u,u) dugc goi 1a binh phuong vé hudng cha vects u, ky hidu 13 u?.
D6 dai cha vecto u, ky hiéu ||u||, dugc xéc dinh bdi
Jul = V.
Nhan xét:
|lu|| = 0 khi va chi khi v =0
[Full = [El[lull, k € R
[(u, v)| < ||u|.]|v]| (B4t déng thic Cauchy-Schwarz)
lu+ v < |lul| + ||lv|| (B4t ding thic tam gidc)
Tir bat déng thitc Cauchy-Schwarz suy ra ring

ol
flwll-[vll
Bai vay, sb thuc r = ”<T|’ ﬁ)>” c6 thé xem nhu cosin ctia mot géc a, nghia la tdn tai mét géc o, 0 < @ <, sao
ul|.||v
cho:
cosa = 7(u,v) .
llwll-llvll

S o xac dinh nhu vay goi |3 géc giifa hai vects u, v.
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Vi du 1

Cho V = Py[z] 1a mét khéng gian Euclide véi tich vé hudng (p(z), ¢(x)) = p(0)q(0) + p(1)g(1) + p(2)q(2).
Xét 2 véc to p(x) = 1 + 2z — 22, q(x) = 3+ x*. Ta cb

[p(z)|| = /p(0) )2 +p(2)2 = V6,

la(@)]] = Va(0)2 + q(1)% + ¢(2)? = V84,
(p(),q(z)) = p(0)q(0) + p(1)q(1) + p(2)q(2) = 1.3 + 2.4+ 1.7 = 18,
Géc o cla 2 véc to cb
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3.3. Quan hé truc giao trén khéng gian Euclide 1
Cho khéng gian Euclide V' véi tich vé hudng (,).

1. Hai vecto u,v goi I3 truc giao néu tich vé hudng (u,v) = 0.

2. Hé vecto ui,uz,...,us(s > 2) dugc goi la truc giao néu cac vecto cha hé khac véc to khéng va déi mét
truc giao, tifc 13 (u;, u;) = 0 véi i # 5. Ta c6 thé d& dang chiing minh dugc ring: Hé véc to truc giao 13 doc
13p tuyén tinh.

3. Vecto u goi |3 chuan hay don vi néu |ju|| = 1. D&i vé6i vects u # 0 thi cic vecto

U U
[[al]” =Iull
déu 13 vecto don vi, va duoc goi |3 chuan héa clia vecto u. Hé vecto UL, Uz, ..., us(s > 2) dugc goi la truc

chudn néu nd 13 mét hé truc giao va moi vecto déu la chuan, tic la

{0 néui # j
U Uj =

1 ndui=j.

4. Mét co s6 |a hé truc giao thi goi la mdt co sd truc giao. Mot co s& 1a hé truc chusn thi goi la co s6 truc
chu3n.
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3.3. Quan hé truc giao trén khong gian Euclide 1

sam

Cho khéng gian Euclide V véi tich v6 hudng (,), B = {u1,us, ..., us} 13 mbt co sé tryc chudn cia V.

1. Toa do chia véc to [u]f = (z1 T2 - 2n) thi 2 = (u, u;).

2. Choulb=a=(z122 - 2u)U]E =y = (y1 y2 -+ yn) thi (u,v) = 2Ty = z1y1 + Toy2 + - + ToYn.
Truc giao héa Gram - Schmidt Trong mét khéng gian véc to Euclide, tir m8i co s6 déu ¢ thé xdy dung mét co
s8 truc chuan. Diéu nay cé thé dugc thuc hién bdi phuong phép truc gido héa Gram - Schmidt Gia st
U1, U2, ..., Uy 13 MOt co s6 nao dé clia khdng gian Euclide V. Tir co s nay ching ta sé xdy dung mét hé truc

giao nhu sau:
Dit e; = ;. Ta tim véc t0 ez sao cho es.e; = 0 bing cich dit e = uz + k2ie1. Do ej.ex = 0 nén

€1.U <4 . N . A . Y . <
e1.us + kzlef =0= ko1 = — ! 5 2 Tiép dé ta tim véc to es sao cho hé eq, ez, e3 truc giao bang cach dit
€1
e3 = us + k3161 + k32€2 Tu €1.63 = €2.€3 = 0 suy ra ei1.us3 + k’316% = 0 e2.u3 + k’326§ =0.Tu dé
e1.u e
k31 = —1—23, k32 = ——-2_ Qué trinh nay dudc tiép tuc dé xéc dinh téi e,_1. Khi d6 e, dugc xéc dinh sao
€1 €3
choe;e, =0, =1,2,...,7r—1 béng cich dit e, = u, + kr1e1 + kpoes + -+ + kr(r—1)€r—1, V6i
ej. Uy . R , . N .
krj = — ] T j=1,2,...,r — 1. Nhu vy chiing ta d3 dung dugc mét hé véc to truc giao ey, ez, ..., e,. Sau

J
khi chuan héa hé véc to nay ta thu dugc mét co s truc chudn cia khdng gian Euclide V.
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3.3. Quan hé truc giao trén khong gian Euclide 1

Vi du. Trong khéng gian Euclide V = R? véi tich v6 hudng chinh tic va cho co s6
B ={u1 =(1;2;-1),u2 = (1;—1;2),us = (2; 1; 3)}. S dung truc giao héa Gram - Schmidt, hdy dung mét co

A

s8 truc chun cta V tir co s6 nay.

Giai. Dat
e1 =uUy = (1;2; —1), es = Us + kotes.
. . R . -3 1
Do tinh truc giao cla e; va ez ta suy ra k21 = _a 32 =——=_.
ey 6 2
2 A 1 3 3
Bd,l vay ez = u2 + §U1 = (5707 5)-
Tiép tuc dit es = us + ksi1e1 + kszea.
. . . . 1 . 5
Do tinh truc giao cla ho e;,2 = 1,2, 3, suy ra k31 = _a 33 = —— k32 = _2 33 =—-.
ey 6 e5 3
Bai vay
(-2.2.%
e3=us— —e1 — —ex = (—=,=,=).
P T 3™ 333
Chu3n héa céc véc to ei(i =1,2,3) ta dugc co sd truc chuin
1 1
—, )
3 V3
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3.3. Quan hé truc giao trén khong gian Euclide 1

sam

Cho V' 13 mét khéng gian Euclide va U 13 mét khéng gian con clia né. Véc to w € U duoc goi |13 hinh chiéu clia
vecto v 1&n khéng gian con U néu véc to v — w truc giao véi moi véc t ctia U, ky hiéu Chy (v).

Céng thitc N&u U 13 mét khéng gian con clia V va {es]i = 1,2,...,p} 1 mét co s6 truc chuin ctia U thi hinh
chiéu clia v 1én U dugc cho béi

p
T = Z(ei,v)ei.
i=1
Nhan xét:
@ Hinh chiéu truc giao Chy (v) lubn tn tai va duy nhit.

Néu v € U thi Chy (v) = v.
Trong trudng hop U c6 co s6 13 {v1,v2,...,vp} thi ta c6 thé truc chuin héa G-S rdi 4p dung cbng thic
bén trén hodc tim hinh chiéu b?}ng dinh nghia bf?mg viéc dit Chy (v) = z1v1 + 2202 + - - - + Tpvp. Dua trén

diéu kién v — Chy (v) truc giao véi U ta suy ra Chy (v).v; = v.v4, qua dé xéc dinh cdc z; bang viéc gidi
mét hé Crame.
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3.3. Quan hé truc giao trén khong gian Euclide 1

Vi du: Trén khéng gian V = R® véi tich v6 hudng chinh tic.

Cho U = span(vi = (1;2;1),v2 = (1;1;3)),v = (3;5; 7). X4c dinh Chy (v).

Loi giai

Dit Chy(v) = 1(1;2;1) + 22(1;1;3). Do Chy(v).v; = v.vi,i = 1,2 nén ta cé hé phuong trinh

6x1 + 622 = 20
6x1 + 11xo = 29

Gidiratacéd 1 = 22 25 = 2. Do d6

23 9 10 73 104
Chy(v) = T5(1;2; )+ =(1;1;3) = ( 315 15 )-

5
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3.4. Ma trén truc giao va phép bién d6i truc giao el

sam
Dinh nghia: Ma tran vudng A goi I3 ma tran tryc giao néu théa man A.AT = FE hay A~! = AT Ta 6 cac
kh3ng dinh sau 13 tuong duong

@ A la ma trin truc giao.

@ Cic cbt chia ma tran A 13 mdt ¢ s6 truc chuin clia R” véi tich vd huéng chinh tic.

@ Cdac hang cla ma tran A 12 mdt co sé truc chuin clia R” véi tich vé hudng chinh tic.
Vi du:

o2 b
Ly
REITEN §
NV

Nhan xét: Cho A, B |a cdc ma trén truc giao thi ta cé
o AP =1

@ A~' AB |a ma tran truc giao.
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3.4. Ma trén truc giao va phép bién d6i truc giao el

sam

Dinh nghia: Cho khéng gian Euclide V véi tich v& huéng (,). Phép bién d8i tuyén tinh f trén V goi 13 mét phép
bién dai truc giao néu thdéa man ||f(v)| = |jv||, Vv € V.
Ta c6 cac khing dinh sau 13 tuong duong:

@ [ 13 phép bién d8i truc giao.
@ f bdo toan tich vd hudng, nghia 13 (f(u), f(v)) = (u,v),Vu,v € V.
@ ma trdn cla f dbi véi 1 co s6 truc chuin B cta V 13 mot ma trén truc giao.

Vi du: Xét phép bién déi tuyén tinh trén V = R® vdi tich vé huéng chinh tic

12
I I A
Y| = | —= 7= | |®2
wl | E 1 P e

i VA B

Khi d6 ta cé

Y+ ys +ys = 2] +ad + 3.
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3.5. Phép bién doi doi xirng va bai toan chéo héa truc giao 1
Dinh nghia: Cho khéng gian Euclide V' véi tich vé huéng (,). Toan ti tuyén tinh f trén V goi I3 mét bién déi
dbi xting néu thda man (f(u),v) = (u, f(v)),Yu,v € V.
Ta c6 cac khing dinh sau 13 tuong duong:
@ f 13 mét bién di dbi xiing.
@ Ma tran cla f dbi véi 1 co s& truc chuin B cha V 13 mét ma tran dbi xing.
Vi du: Xét bién déi tuyén tinh trén V = R3 vdi tich vé hudng chinh tic

= )

Cho f 13 bién déi tuyén tinh trén khéng gian Euclide V (tuong dng chia ma trén A dbi xitng). Ta cé cac
tinh chat sau:

s

Py =TT -

=1

@ Cdac khéng gian riéng phan biét cda f (tuong dng cta A) 13 truc giao véi nhau.
@ f (tuong dng ma trdn A) chéo héa dugc.

@ Moi gia tri riéng clia f (tuong tng ctia A) déu 13 sb thuc. Hay khi dé ta c6 da thiic dic trung c6 dang:
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3.5. Phép bién d6i do6i xifng va bai todn chéo héa truc giao 1

Bai toan chéo héa truc giao: Cho ma trin d&i xténg A, tim ma trdn C tryc giao sao cho CT AC chéo.
@ Budc 1: Xac dinh da thdc dic trung cla ma trdn A va tim cic gia tri riéng.
® Budc 2: V6i mbi gia tri riéng tim dudc, ta di tim co s8 truc chuin cia cic khdng gian riéng tuong dng.

@ Budc 3: Ghép cac co s8 truc chuan clia cic khéng gian riéng dé thu dugc co s6 truc chuin B chia khéng
gian V gdm toan cdc véc to riéng cia A. Khi dé C |1a ma tran cic véc to cot cla B.
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3.5. Phép bién ddi dbi xiing va bai toan chéo héa truc giao «

4 -1 2
Vi du: Chéo héa tryc giao matran A= | -1 4 2
2 2 1
4— A —1 2
@ Budc 1: Da thiic dic trung Pa(M\) =| =1  4—X 2 |=-A*4+9\2 150 -25=—(A+1)(A—5)2
2 2 11—

Cacgid tririéng la A = —1; A = 5.
@ Budc 2:
» V6i A = —1 ta c6 khéng gian riéng Va(—1) c6 co s6 tryc chuan 13 By = (& 75 R}
» Vi A =5 ta c6 khéng gian riéng V4 (5) c6 co s6 truc chun I3
By = {(5, 54,00, (5. %, L)}
@ Budc 3: Co s8 truc chuin B = B; U B, clia khéng gian V gdm toan cic véc to riéng clia A. Ma tran truc

1 1 1
giao C' = % BT chéo héa Ava C~'AC=CTAC=|0 5 0.
3 1 0 0 5

_ 0 —

V6 V3
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