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No6i dung Chuaong 4 el

No6i dung Chuong 4

1 Khai niém &nh xa tuyén tinh
2 Ma tran cha 4nh xa tuyén tinh

3 Tri riéng va véc-to riéng

Muc tiéu
- Kién thiic: Sinh vién hidu dugc khai niém 4nh xa tuyén tinh va ma trin cla 4nh xa tuyén tinh, méi quan hé
gilta ma trdn va dnh xa tuyén tinh, khéi niém gij tri riéng, véc to riéng va ma trin chéo hoi dugc, todn tlr
chéo hod dugc.
- Ky n3ng: Nhan biét 4nh xa tuyén tinh; tim ma tran clia anh xa tuyén tinh tuong dng véi cip co s& bt ky;
thuc hién chéo hod ma trdn va todn ti tuyén tinh chéo hod dugc.
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1.1 Dinh nghia el

SAMI

Dinh nghia dnh xa tuyén tinh

Cho V va W Ia hai khéng gian véc to trén cling trudng sb6 K (K 13 R hodc C). Anh xa f: V — W dugc goi I
anh xa tuyén tinh néu:

i) flutv)=Ff(u)+fv), Vu,veV,

i) f(ku) =kf(u), Vk e K,u e V.

Trong trudng hop W =V, 4nh xa tuyén tinh f: V — V con dugc goi 1 mét toan t& tuyén tinh (hay phép
bién d6i tuyén tinh ) cla khéng gian véc to V.

Cha y 0.1
Tir dinh nghia ta dé dang suy ra ring dnh xa f : V. — W 13 4nh xa tuyén tinh khi va chi khi

flku+1v) =kf(u) +1f(v)
Yu,v € V  k,l € K.
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1.2 Vi du a

SAMI

Céac 4nh xa sau 1a 4nh xa tuyén tinh:

1.
2.

Anh xa khéng f:V — W, f(v) = Ow.

Anhxa f:V =V, f(v) = aw, € R 12 m&t phép bién déi tuyén tinh. Dic biét a = 1 thi phép bién déi nay
trd thanh phép dong nhat cla V/, tic 1a né gilt nguyén moi phan tr cda V.

Phép chiéu f:R? = R?, f(z,y) = (z,0).
Anh xa f:R? = R, f(x,y) = 2z + 3y.
Anh xa f : R* - R? dugc x4c dinh bai

f(wl,xg,l'g) = (acl —3x2 +x3,71 + 21‘3).

. Cho ma trdn A € My,xn(R). Anh xa f : Myx1(R) = Mpxi1(R) duoc xac dinh bgi

F(X) = AX
Thét vay, véi moi X,Y thudc M1 (R) va k € R ta c6:
FX+Y)= AX +Y) = AX + AY) = f(X) + £(V),
F(kX) = A(kX) = F(AX) = kf(X).
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1.2 Vi du

ac anh xa sau khéng |a 4nh xa tuyén tinh:
1. f:R?* = R? f(z,y) = (z + 1,y).

2. f:R* =R, f(z,y) =z + 1.

3. f:R—=R,f(z) =sinz.

C
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1.3 Tinh chat cta anh xa tuyén tinh el
Ménh dé
Cho V, W 13 hai khéng gian véc to trén trudng K va f: V — W 13 4nh xa tuyén tinh. Khi dé:
1. f(@v) = 0w,
f(=v) =—f(v), Vv eV,
f(u v) = f(u) — f(v), Vu,v € V.
4. f(krur + koua + - + knun) = k1 f(ur) + kaf (u2) + -+ - + kn f(un), Yur, - ,un € Viki,...,kn €R
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1.3 Tinh chit clia 4nh xa tuyén tinh el

SQAI

Dinh Iy

Gia st {v1,v2,...,vn} |2 mdt co s& clia K-khéng gian véc to V va {w1, w2, ..., w,} 1a mbt hé véc to tly ¥ cda
W (chidng cé thé khdng nhat thiét khac nhau). Khi dé ton tai duy nhat mét dnh xa tuyén tinh f: V — W sao
cho

flw)=w;, i=1,2,...,n.

Chirng minh
M&i vects v € V biéu dién dugc duy nhit dusi dang

v =ki1v1 + kave + -+ - + knUn.
Khi dé ta dinh nghia mét 4nh xa f: V — W béi

f(v) = kiwr + kawa + - -+ + kpwn.
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1.3 Tinh chit clia 4nh xa tuyén tinh el

SQAI

D& dang thr lai ring 4nh xa f dinh nghia nhu vy 13 mét dnh xa tuyén tinh. Hon nira, trong biéu thitc dinh nghia
cla f v6i mbi i cb dinh ta chon k; = 1 va k; = 0 néu j # 4, ta s& dugc

fw)=w;, i=1,2,...,n.
Bay gid néu g : V — W ciing 13 mdt 4nh xa tuyén tinh thda man g(v;) = wi, i = 1,2, ...,n, ta s& ching td ring
g=1
That vay, véi moi v € V ta ¢
g(v) = g(k1vr + kava + ... + knvn)

= kig(v1) + kag(v2) + ... + kng(vn)
= kw1 + kawa + ... + knwn, = f(’l))
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1.3 Tinh chit clia 4nh xa tuyén tinh

Cac phép toan

Cho V, W la hai khéng gian véc to trén truong K va f, g 1a dnh xa tuyén tinh tix V. — W. Khi dé
1. Tdng cha hai 4nh xa ndy, ky hidu f + g, 13 4nh xa f + g xac dinh bdi

(f+9)(v) = f(v) + g(v), Vv e V.
2. Tich cia mét sb k € K véi 4nh xa tuyén tinh f la 4nh xa kf xac dinh bdi

(kf)(v) = kf(v), Vk € K, Vv € V.

L4 |

sam

Ménh dé

Cho V, W 13 hai khéng gian véc to trén trudng K va f, g 13 dnh xa tuyén tinh tr V. — W. Khi dé
1. Téng f4+g:V — W la anh xa tuyén tinh
2. V6i k €K, tich kf : V — W 13 4nh xa tuyén tinh
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1.3 Tinh chit clia 4nh xa tuyén tinh

Ménh dé

Cho V, W 1a hai khéng gian véc to trén trusng K. Tap hop

Hom(V, W) = {f : V. — W|f tuyén tinh}

cung hai phép toan trén la khong gian véc to trén trusng K.

SAMI

Ménh dé

Cho V, W, Z |a cac khdng gian véc to trén trudng s6 K va cac 4nh xa tuyén tinh:

viw sz

Khi d6 hgp thanh go f : V — Z ciing |3 mét 4nh xa tuyén tinh.
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1.4 Hat nhan va anh cta anh xa tuyén tinh el

Dinh nghia

Cho V, W |3 hai khéng gian véc to trén trudng K va f : V — W |3 mét dnh xa tuyén tinh. Khi dé
Kerf :={v € V|f(v) = 0w} =f~"({ow})

dugc goi la hat nhan cla f.

Imf = {f(v)lveV}={we WP eV, f(v)=w}=f(V)

dugc goi 13 anh cla f.

Vi du

Tim hat nhan va anh cha dnh xa sau:
1. f:R?* = R? f(z,y) = (x,0).
2. f:R* SR, f(z,y) = 2z + 3y.
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1.4 Hat nhan va anh cta anh xa tuyén tinh el

SAMI

Lagi giai
1. Theo dinh nghia
Kerf = {(z,y) € R*|f(z,y) = (0;0)}.
Ta ¢ f(z,y) = (0;0) < (z,0) = (0;0) < = = 0.
Do d6 Kerf = {(0,y),y € R} = span{(0,1)}.
Theo dinh nghia
Imf = {(a,b) € R*[3 (z,9) € R?, f(z,y) = (a,0).}

Ta cd f(z,y) = (a,b) & (x,0) = (a,b).
Phuong trinh c6 nghiém khi va chi khi b = 0.
Vay Imf = {(a,0),a € R} = span{(1,0)}.

2. Kerf ={(z,y) €R?: f(z,y) = 2z + 3y = 0} = {(3t, —2t),t € R} = span{(3,-2).}
Imf = {a € R,3(z,y) € R, f(z,y) = 20 + 3y = a}.
Phuong trinh 2x + 3y = a ¢6 nghiém véi moi a nén Imf = R.
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SAMI

1.4 Hat nhan va anh cGa anh xa tuyén tinh bl

Dinh Iy

Cho V, W Ia hai khéng gian véc to trén trudng K va f : V — W |3 mdt dnh xa tuyén tinh. Khi dé:
1. Kerf |a mét khdng gian véc to con clia V.

2. Imf Ia mét khdng gian véc to con clia W.

Ching minh

1. LAy u,v bit ky thudc Kerf ta cé f(u) = f(v) = Ow.

V&i moi k, 1 thudc R thi
flku+1v) =kf(u) +1f(v) = Ow.

Do d6 (ku + lv) thudc Kerf.
Vay Kerf la mét khéng gian véc to con cta V.

2. Lay o/, v thudc Imf, khi d6 tdn tai u, v thudc V sao cho f(u) =/, f(v) = v'.
V6i moi k,1 thudc R thi f(ku + lv) = ku' + lv', do d6 (ku' + lv) thudc Imf.
Vay Imf 12 mét khéng gian véc to con cia W.
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1.4 Hat nhan va anh cta anh xa tuyén tinh el

SQAI

Chi y
Cho V, W I3 hai khéng gian véc to trén trudng K va f : V — W 12 mot 4nh xa tuyén tinh. Xét hé véc to
S ={vi,...,vm} cia Vva f(S) ={f(v1),..., f(vm)} cla W. Khi dé:

1. Néu hé S 13 phu thudc tuyén tinh thi h& f(S) ciing phu thudc tuyén tinh.

2. Néu hé f(S) 1a doc 1ap tuyén tinh thi hé S 13 doc lap tuyén tinh.
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1.4 Hat nhan va anh cta anh xa tuyén tinh el

sam

Dinh Iy

Cho V, W 13 hai khéng gian véc to trén trudng K va f : V — W |13 mét 4nh xa tuyén tinh. Néu hé véc to
{v1,...,vm} clla V la mdt hé sinh cia V thi hé véc to {f(v1),..., f(vm)} |2 hé sinh cta Imf. Hon nita

Imf = span{f(vi),..., f(vm).

Chitng minh L3y w bAt ky thudc Imf, khi d6 tén tai v € V sao cho w = f(v). Do span{vy,va,...,om} =V
nén tén tai A1, Aa,. .., Am sao cho:

V= Av1+ AoV + ...+ A Um.
Tu dé ta cé:
w = f(’U) = f()\11)1 + Xovo + ...+ )\m’Um) = )\1f(’U1) —+ )\Qf(’Uz) + ...+ )\mf(vm).

Diéu nay chiing té Imf C span{f(v1),..., f(vm)}. Mit khc span{f(v1),..., f(vm)} C Imf. Vay
Imf = span{f(v1), .., f(vm)}.
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1.4 Hat nhan va anh cta anh xa tuyén tinh el

SAMI

Cac budc xac dinh khéng gian anh Imjf

Budc 1. Chon mét hé sinh (théng thudng ta chon mét co s8) B = {v1,...,v,} cla V.
Budc 2. Tim anh ca B qua f:

S = f(B) = {f(v1), f(v2), ..., f(vn)}.
Budc 3. K&t luan Imf = span(S) = span{f(v1),..., f(va)}.

Dinh ly vé so chiéu

Cho V, W I3 hai khéng gian véc to trén trudng K véi dimV < 400 va f: V — W 13 mét 4nh xa tuyén tinh. Khi
dé:

dim Imf + dim Kerf = dim V/
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1.4 Hat nhan va anh cta anh xa tuyén tinh el

SAMI

Chirng minh
Gid s dim Kerf = r va dimImf = s.

Chon {u1,us,...,ur} 13 mdt cd s clia Kerf va chon {v1,v3,...,v.} 1a mét co s6 cla Imf. Khi dé t6n tai cac
véc t v1,v2, ..., Vs thudc V sao cho f(v;) = vj,i=1,s.
Ta sé chi ra hé véc to {u1,uz2,...,Ur,v1,02,...,0s} |2 mdt co s clia V.

That vay, gid si:

kiui + kous + ... + ke +livr +lava + ...+ lvs = Ov, ki e RVi=1,7,1; e RVj =1, (1)
Khi dé
fkiur + koua + ... 4+ krur + livs + lava + ... 4 Lsvs) = 0w
Suy ra
kif(ui) + kaf(u2) + ...+ ke f(ur) + laf(v1) + laf(v2) + ... + 1 f(vs) = Ow
Do u1, uz, ..., ur thudc Kerf nén f(u;) =0Vi € 1,r. Lai ¢6 f(v;) =vj,j =1,5 nén ta cb

lﬂJi + l2v§ +...+ lsv; = Ow.
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1.4 Hat nhan va anh cuta anh xa tuyén tinh 1
Chitng minh dinh Iy vé sb chiéu
Vi v, v, ..., v, doc 1ap tuyén tinh nén [y =ls = ... =1, = 0. Thay vao (1) ta dugc:

kiui + kous + ... + krur = 0w

Ma wy,uz, ..., u, ciing déc lap tuyén tinh nén k; = k2 = ... = k, = 0. Nhu véy tir (1) ta suy ra tt cd céc hé sb
k‘l,kg,...,k’r,lth,...,ls déu phéi b\éng 0.
Do dé hé {u1,u2,...,ur,v1,v2,...,0s} la dbc 18p tuyén tinh.

Bay gid ta sé ching m|nh hé nay Ia hé sinh clia V. That vay, xét mét véc to u bAt ky thudc V, ta cé f(u) thudc
Imf nén tdn tai cac hé sb ay,i =1, s sao cho

f(w) = aqvy + covy + ...+ sk

Do f(v;) = vj,i=1,s nén

f(u) = aif(vi) +azf(v2) + ...+ asf(vs)
Tu dé ta cd f(u— (ivr + agve + ... + asvs)) = 0. Vay (u — (1v1 + a2v2 + ... + asvs)) thude Kerf.
M3t khac {u1,ua,...,u-} 13 mdt co s& clia Kerf nén tén tai cc hé sb 3;,j = 1,7 sao cho

u— (1v1 + vz + ...+ asvs) = Brur + Bauz + ...+ Srus
Nhu vy u dugc biéu didn qua hé {ut,u2, ...y Up, V1,02, ...,0s} :
u = Brur + Bauz + ...+ Brur + 1v1 + a2v2 + ...+ QsUs.
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1.5 Hang ctia anh xa tuyén tinh el

séyl

Dinh nghia

Cho V, W 13 hai khéng gian véc to trén trudng K,dim V < oo va f : V — W 13 mét 4nh xa tuyén tinh. S& chiéu
cla khéng gian Imf dugc goi 13 hang cta f, ki hiéu la rank f:

rank f = dim Imjf.

Vi du

Cho 4nh xa tuyén tinh f : R® — R? xac dinh béi:

f(z,y,2) = (z+2y,y + 2)

Tim s6 chiéu va co s6 cla Imf va Kerf.
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1.5 Hang cua anh xa tuyén tinh
Loi giai
Ta cé
Kerf = {(z,y,2) ER* : x4+ 2y =y + 2 =0}

z+2y =0
y+z =0

Kerf = {(—2t,t,—t),t € R} =span{(—2,1—-1)}

M3t khéc, 4p dung dinh ly vé& sb chiéu ta dugc:

Vi hé phuong trinh thuin nhit:

c6 nghiém dang {(—2t,t, —t),t € R} nén

dimIlmf =3 —dimKerf=3—-1=2.

Hon nita Imf 13 khéng gian con clia khong gian R? nén Imf = R2.
Do d6 hang cua rank f = 2.
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1.6 Don cau, toan cau, dang cau u

Dinh nghia

Anh xa tuyén tinh ducc goi 13 don cAu (tuong ting toan cAu, ding cAu) néu né I3 don 4nh (tuong ting toan 4nh,
song 4nh.)

v

Vi du
1. Anh xa tuyén tinh f : R? — R? xéc dinh béi
f(z1,22) = (21 + 22,21 — T2)
13 don chu, toan chu, ding cAu.
2. Anh xa tuyén tinh f : R? — R? xac dinh béi
flzy,@2) = (21 — 22,21 — 2)
khéng 13 don cAu, ciing khéng 13 toan cu.

3. Anh xa tuyén tinh f : P,[z] — P._1[2] x4c dinh béi f(p(z)) = p'(x), (dao ham clia p(z)) 13 toan cAu
nhung khéng 13 don cAu.
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1.6 Don cau, toan cau, dang cau

SAMI

Ménh dé
Cho 4nh xa tuyén tinh f: V — W.
1. f 13 don cAu khi va chi khi Kerf = {6v}.
2. f 13 toan cAu khi va chi khi dim Imf = dim W

Chirng minh

1. Néu f 13 don cAu thi véi moi v € Kerf ta c6 f(v) = f(v) = Ow. Do tinh don anh nén v = 6y .
Ngugc lai, néu Kerf = {0y}, 13y v1, va bt ky thod man f(v1) = f(ve) ta cé f(v1 — v2) = Ow. Didu ndy
chiing té (v1 — v2) € Kerf, do d6 v1 — v2 = Oy hay v1 = va.

2. f 1a toan cAu khi va chi khi f(V)) = W khi va chi khi dimImf = dim W.
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1.6 Don cau, toan cau, dang cau t1

Hé qua

Cho 4nh xa tuyén tinh f : V — V', dimV = dim V’. Ta ¢6 cic kh3ng dinh sau |3 tuong duong:
1. f 1a don chu
2. f 13 toan chu
3. f I3 ding cAu.

Dinh nghia

Cho V, W |2 hai khéng gian véc to trén trudng K. Ta néi V, W 1 ddng cAu néu tdn tai déng chu f: V — W. Khi
dé ta ki hiéu: V= W.

v

Cho V 13 khéng gian véc to n chiéu trén trudng K va B 13 mét co s& clia V. Khi dé 4nh xa

f: VK"
v — (z1,2Z2,...,%n)
Véi (21,22, ..., T,) |2 toa d6 chia v dbi véi co s6 B, 1a mot ding chu giita V va K™. Do dé: V = K™,
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