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NoGi dung

@ Tich phan bat dinh
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Nguyén ham ctia ham so

Dinh nghia 1

Cho ham s f(x) xdc dinh trén khodng (a,b). Hdm s6 F(x) duoc goi I3 mot nguyén ham cta ham sb f(x) trén
khodng (a,b) néu F'(z) = f(x), Vx € (a,b).

v

Dinh Iy 1.1
Néu F(x) I3 mét nguyén ham ciia ham sb f(x) trén khodng (a,b), thi:
a) Ham s F(z) + C ciing 1a mét nguyén ham cda ham sb f(z),
b) Ngugc lai, moi nguyén ham ctia ham sb f(z) déu viét dugc dudi dang F(x) + C, trong d6 C' 13 mét hing

sé.
V.

Dinh nghia 2
Tich phan bat dinh cda mét ham sb f(x) 13 ho cdc nguyén ham F(z) + C, véi z € (a,b), trong dé F(zx) I3 mét
nguyén ham cda ham sé f(x) va C' 1a mét hing sb bat ky. TPBD cia ham sé f(x) dugc ky hiéu la / f(z)dz.
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Céac tinh chit cha tich phan bat dinh

a) Né&u ham sb f(z) lién tuc trén (a,b) thi tdn tai /f(x)dx trén (a,b),
o) | [ ] = 0
0 / F'(2)dz = F(z) + C

d) /af(ac)da: = a/f(x)dx, (a 13 hing sb khéc 0)

e)/ z) + g(= d:c—/f d:c+/ (x)dz

Hai tinh chAt cubi cling 13 tinh cht tuyén tinh cla tich phan b4t dinh, ta c6 thé viét chung

[1as@)+sg@lds =a [ f@yis+ 5 [ g

trong d6 «, 8 13 cic hing sb khéng déng thai bing 0.
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M6t s6 cong thirc tich phan thong dung

dx
a)/ dx— (o # —1), f) /COSQx—tanx+C,

x _ a”
b) /?=In|x|+0, g) /a dx_lna ,(0<a#1),
c) /sinmd:c:—cosac—i—C’, h) /exdx:em—i—C,
d dr = si C i) /dix—arctanx—i—C
)/cosw x =sinz + C, T2 = )
)/ = tz+ C j) /dix—arcsinw—i—C
N sin® z core ’ / Vi—z2 ’
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Cac phudng phép tinh tich phan bat dinh

Phuwong phap ddi bién ¢ = (x)
Néu f(z) = g[w(x)] ' (z) thi cb thé dit t = (),

/f(fc)dw=/g[w(w)] Y (z)ds = /g(t)dt.

Né&u ham s g(t) c6 nguyén ham 13 ham sb G(t) thi

I=G )] +C.
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Vidul.1
Tinh tich phan

a) /w(l — 22)20%dy c) /merl <1 + i + lnac) dx.

e’ z—1 _l )
b) /mdx d) /.’B (l x—i—lnw dx.
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a)
/1'(1 — 22)2% g

$2)2024

B - e N O
/m(l x) dx—2/ (1—=27)"d(1—27) = 1048 +C.

b)

efL‘
/ez—i—ldm

e’ _[d(e®+1) @
/ez_'_ldw—/ o 1 =In(e® +1)+C.
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Cac phudng phép tinh tich phan bat dinh

Xét tich phén I = /f(x)dx. D& tinh tich phan ndy, ta tim cach chuyén sang tinh tich phan khac clia mét ham

sb khac bing mét phép déi bién z = ®(t) sao cho biéu thiic dudi diu tich phan déi véi bién ¢ c6 thé tim dugc
nguyén ham mot cach don gian hon.

Phuang phap déi bién = = ¢(t)

[ 1@s= [ le1¢ trat

Néu ham sb g(t) = f [o(t)] @' (t) c6 nguyén ham 13 ham G(t), va t = h(z) 13 ham s ngugc clia ham sb
z = @(t) thi

I= / g(t)dt = G(t) + C = G [h(x)] + C.
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Vi du 1.2
Tinh /\/1 — z2dz.

Lgi giai: D3t x = cost v6i 0 < t < 7. Khi d6 dx = —2sintdt va /1 — 22 = sint. Nén

/\/1—x2dx:/—sin2tdt:—/1_%st(2t)=—%+$+C=—%+w
arcsi V1—a?
:_r21n:c+m : o
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Phuong phép tich phan tirng phan

Cong thdc

/udv:uv—/’udu.

Khi nao tich phan titng phan?
a) /Pn(x)e’”dx,/Pn(x) sin kxdx,/Pn(x) cos kxdz, chon u = P,(z).
b) /Pm (z)In"™ zdz, chon v = In" z.
c) /Pn(a:) arctan kxdzx, chon u = arctan kx.

d) /Pn(x) arcsin kzdzx, chon u = arcsin kz.
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Phuong phap tich phan ting phan

Vi du 1.3 (Giira ki, K61)
Tinh tich phan

a) /w3 arctan zdz. c) /:c2 sin 2zdzx.

b) /m3 arccot zdz. d) /:r2 cos 2zdz.
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Tich phan ham phan thic hiru ti

Dinh nghia 3

a) Phan thifc hitu ty: 13 mét ham sé c6 dang f(x) = P(z) trong dé P(z), Q(z) 14 cdc da thic cda x.

Qz)’
b) Phan thic hitu ty thuc su: deg P(z) < deg Q(z).

Bing phép chia da thifc, chia P(x) cho Q(z) ta luén dua dugc mét ham phan thitc hitu ty vé& dang

trong dé H(x) |3 da thiic thuong, r(z) 13 phan du trong phép chia. Khi d6 g((z) 13 mét phan thic hitu ty thuc

~

su.
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Tich phan ham phan thic hiru ti

P(x)

Phan tich mét phan thic hitu ty thuc su m thanh téng (higu) cha cac phan thiic hitu ty thuc sy cé miu sb
T

13 da thic bac nhit hojc bac hai vé nghiém.
a) Phan tich da thic & m3u sb Q(x)

Q)= (z—a1)™...(z —am)™™ (:v2 +prz+ ql)bl...(gv2 + pnx + qn)b".

P(z)
Q(z)

xuat hién cac

b) Né&u trong phan tich cia Q(x) xult hién (z — a)®, thi trong phan tich clia phan thiic
N A; .
hang trdang ———, 1 <i<a.
(z — )
P(Zl}) 4
xuat
Q(z)

c) Néu trong phan tich ciia Q(z) xubt hién (2% + px + q)°, thi trong phan tich clia phan thiic

Biw+Ci 4 <<y

hién cic hang to dang ——————,
' ' TE (@ +pr g T
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Tich phan ham phan thic hiru ti

Viéc diing phuong phép hé s& bt dinh din chiing ta téi viéc tinh bbn loai tich phan hifu ty co ban sau:

| /Adm " Adx

") z—a (z —a)*

. /(Mac—i—N)dx V. (Mxz+ N)dx
2 +pr+q (2% +px +q)™
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Tich phan ham lugng giac

Phuong phap chung
Xét tich phan / R(sinz, cos z)dz, trong d6 ham dudi diu tich phan 13 mét biéu thic hitu ty déi véi

sinz, cosz. Ta c6 thé st dung phép déi bién tdng quat ¢ = tang , khi dé

i cosx—ﬂ tanw—i dr = 2dt
14¢2’ L T 12T 1412

sinx =

tich phan dang xét dugc dua vé tich phan clia phan thiic hitu ti cha bién ¢.
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Viduy 1.4

/ dx
1+sinz +cosz’

Loi giai: Dt ¢ = tan g Khi dé

sinx—icosx—itanx— ¢ dr = 2dt
Tl Tl Tl 142
242
Nén 1 +sinz + cosz = 1::__t2t.Suy ra
dx dt T
/l—f—sinx—i-cosx_/t—l—l_ln|t+1|+C_ln|1+ar6tan§|+a
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Tich phan ham lugng giac
Tich phan /R(sinm,cos x)dx cé dang dac biét

a) D3t t = cosz néu R(—sinz,cosz) = —R(sinz, cos z).
b) Dit t = sinz ndu R(sinz, — cosx) = —R(sinz,cos ).

c) Ditt=tanz néu R(—sinz, — cosx) = R(sinx,cos ).

Vidu 1.5
L, , dz
a) sin” x cos” xzdx g m
sin? z
cos 1+ cos?x

o) / cos Zmdm
sin x + cost x

i / dx
d) / sin 2xdx sin? z + 2sin z cos ¢ — cos?
4
sin®z + cos'x j) 2smx—|—3cosa:
e) /sinxsin 2x sin 3zdx 3sinz + 2sinx
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Tich phan ham lugng giac

Tich phan dang /sinm x cos” xdx

a) Né&u m 13 sb nguyén duong 1@, ta dit ¢t = cos .
b) Néu n 13 sb nguyén duong 1€, ta d3t ¢ = sin z.

c) Néu m,n |3 cic sb nguyén ducng chn, ta sit dung céng thic ha bac:

sin®z = (1 — cos 2z)/2, cos” x = (1 + cos 2z) /2.

Vi du 1.6
a) /sin2 x cos? xdx c) /sin3 x cos? xdx
b) / sin® x cos* xwdx d) / sin* x cos® xdx
v
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a)
/ sin® z cos? zdx.

Lai giai: C6

. 2 2 sin?2x 1 — cosdx
sin“x cos” & = =

4 8
Nén 1 : nd
/sin2:ccos2 rdx = / %dw = % — SI;le + C.
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b)

/ sin? z cos* zdz.
Lai giai: C6
sin? 2 cost o — sin’2zcos’z (1 — cosda)(1l + cos2z) 1 cosdx | o8 2z cos2xcosdx
N 4 N 16 T 16 16 16 16
i B cos4x " cos 2x _ cos 6x + cos 2x i i cos 2x _cos 4x _ cos 6x
T 16 16 16 32 T 16 32 16 32
Nén

/siancos4xdm _/ 1 n cos2z  cosdx  cosbx de =% 4 sin2z  sindz  sin6x iC
N 16 32 16 32 16 64 64 192 ’
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c)

/ sin® z cos® zdx.

Lgi giai: Dit ¢ = cosz. Khi d6 dt = — sinzdxz. Nén

T 45
/sin3 zcos’ xdr = /sin2 z cos® zsinzdr = /(1 — )t (—dt) = /(t6 —thYdt = % - % +C
cos"x  cos’x

— C.
7 5+
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d)

/ sin z cos® zdz.

Lgi giai: Dit ¢ = sinz. Khi dé dt = cos zdx. Nén

5 7
/sin‘lavcos3 xdx = /sin4:c0052xcosa:d:c = /t4(1 —t°)dt = /(t4 —t%)dt = % - % +C

.5 .7
sim” T s x
= - C.
5 7 +
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Tich phan cac biéu thic vo ty
Xét tich phan c6 dang /R(x, va? £ x?)dz,

Déi bién sb lugng giac

a) Dit z = atant dbi véi tich phan /R(ac, Va2 + z?)dz.

b) D3t 2 = asint déi véi tich phan /R(m, Va2 — z?)dz.

/R(:c, m)dm.

Vi du 1.7

dx
Tinh —_—
n a)/m

b) / Va2 — z2dzx.

Phép thé Euler

Dit t = x +v/22 + a dbi véi tich phan /R(m,\/ac2 + a)dx.

Vi du 1.8
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Tich phan cac biéu thic vo ty
Bbn tich phan cd ban

dx
a ——— =Inlz++Vz2+a|l+C
) [ = =nlo+vaTFa]
:arcsinf—i—C

a

b) / dx
N
2
c) /\/a2 — z2dx = %m\/cﬂ — 2+ % arcsin% +C

d) /\/ﬂc2+adw:%[x\/m2+a+aln|x+\/x2+a|]+C
Vidu 1.9
dx
a — c) [Va? —bx+6dx
)/\/x2+:c+l )/
xdx
V22 132 _2.
b) /«7‘24-7'—4-1 ) /:l‘ 2*+3z -2 )
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NoGi dung

9 Tich phan xac dinh
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Dinh nghia tich phan xac dinh

i) Chia [a,b] thanh n khodng nhé bdia =z < z1 < ... < zn =D.
i) Chon zj € [z;—1,2;] va thanh 1ap TTP

n—1
S, = Zf(xf)Amz Véi A xi =i — i1

=0

Dinh nghia 4

b
A = max Az, /f(:c)dac = lim S,.
A—0

1<i<n

a) Gidi han khéng phu thubc vao cich chia doan [a,b],

b) Giéi han khéng phu thudc vao cdch chon diém ;.
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Dinh nghia tich phan xac dinh
a) Ki hiéu cua tich phan / dugc gidi thiéu bdi Leibniz. N6 la chit S dugc viét kéo dai, va dugc chon lam ki
hiéu Vi tich phan chinh 13 gidi han ctia "Téng".

b
b) Tich phan xéc dinh / f(x)dx 1a mét sb thuc, né khéng phu thudc vao

/bf(x)dx:/bf(t)dt.

b
c) Néu ham sb f(z) c6 / f(z)dz < oo thi ta néi ham f 13 kha tich trén khoang [a,b]. Khong phai ham sb

nao ciing kha tich.

Dinh Iy 2.1

Néu ham sb f(x) I3 lién tuc trén [a,b] (hodc I chi c6 mét sb hitu han cdc diém gidn doan loai | thi ham f I3
kh3 tich trén [a, b].
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Céc tinh chit cha tich phan xac dinh

b b b
e Tinh chit 1. / [af(z) 4+ Bg(z)]dx = a/ f(ac)da:—l—ﬂ/ g(x)dz.
b c b
e Tinh chit 2./ f(x)da::/ f(ac)da:—i—/ f(z)dz
e Tinh chit 3.
b
a) Néu f(zx) > 0,Vz € [a, D] thi / f(z)dz > 0.
b) N&u f(x) kha tich trén [a,b] thi |f(z)| kha tich trén [a,b] va

[ s < [Cirwa

c) Néum < f(z) < M, Vz € [a,b] thi m(b—a) < /bf(m)dx <M(b-—a).
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Céc tinh chit cha tich phan xac dinh

e Tinh chit 4.(Dinh ly trung binh thit nhAt)
Gia sir f(z) lién tuc trén [a, b], khi d6 tdn tai ¢ € [a, b] sao cho:

b

/ f@)dz = F(e)(b - a).

e Tinh chit 5.(Dinh ly trung binh thit hai)
Gia thiét
a) f(z) lién tuc trén [a,b] va f(x)g(x) kha tich trén [a,].
b) g(x) khéng déi dau trén [a, b].
Khi dé ton tai ¢ € [a, b] sao cho:
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Hai Dinh ly co ban cua tich phan

Ham tich phan

F(z) = / F(t)dt, G(z) = / F(t)dt.

Dinh ly 2.2

a) Néu f kh3 tich trén [a,b] thi F(z) lién tuc trén [a,b].
b) Néu f lién tuc tai zo € [a,b] thi F(z) c6 dao ham tai zo va F'(z0) = f(x0).

Dinh ly 2.3 (Coéng thic Newton-Leibniz)

Néu f(x) lién tuc trong khodng déng [a,b] va F(z) I3 mét nguyén ham cia f(x) thi

/ f(@)dw = F(b) — F(a).
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Cac phuaong phap tinh tich phan xac dinh

D&i bién 2 = (1)

a) p(t) c6 dao ham lién tuc trong [a, b].

b) () = a,o(B) =b.
c) Khi ¢ bién thién tir o dén B thi = = ((t) bién thién lién tuc tir a dén b.

b B
Khi dé: / F@)dz = / Fle®4 (t)dt.
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Vi du 2.1
Tinh

1
/\/ 4 — x2dz.
0

Loi giai: Dat « = 2cost véi ¢t € [r/3,7/2]. Khi =0 thi ¢t = 7/2. Khi z =1 thi ¢t = 7/3. Ta ¢
dx = —2sintdt va V4 — 22 = 2sint. Nén

1 /3 /2 /2
/2 T \/g
/\/4—x2da:: /QSint(—Qsint)dt: /4sin2tdt: /2(1—cos2t)dt=2t—sin2t Ig—i—?.
0 /2 /3 /3 /3
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Cac phuaong phap tinh tich phan xac dinh

D3&i bién ¢ := o(x)
b
Gia sir tich phan can tinh c6 dang I = /f[go(:c)].go’(z)dm. Trong d6 @(x) bién thién don diéu ngit va c6 dao

ham lién tuc trén [a, b]. Khi dé:

b »(b)
/ fle@)¢ @)dz = / F(o)de.
@ w(a)

St dung cac phép truy hdi, quy nap.
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Vi du 2.2

Tinh
@
b
] 2
/smxcos xdx.
0
x x
5 2 -
. 2 2 cos” x |2 1
sinx cos” xdr = | —cos” xdcosx = ——5 | =3
0
0 0
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Vi du 2.3
Tinh

s
2
n
/ cos" x cosnxdx.
0
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M6t s6 dang thirc tich phan quan trong
Ding thic 1

Ching minh ring néu f(z) lién tuc trén [a, b] thi:

Ap dung, tinh
usy pus
2 2
n 201 B
Vsinz d / O%/sin
N x’ n
vsinx + /cos T 20W/sin + 2°Y/cos ¢
0

o B
dx, /wsm zdx.
0

Ding thic 2

a 0 néu f(z) 12 ham sb 1 trén [—a, a]
a
x)dx = 4 A 0
/f( ) 2/f(:c)dx néu f(z) la ham s6 chan trén [—a, a]
a J
v
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M6t s6 dang thiric tich phan quan trong

Ding thic 3

Cho f(z) lién tuc, ch8n trén [—a, a], ching minh

1+bw /f(x)d:vvd|0<b7£1

—a

Ap dung tinh
1

/ 1 d / 2% cos 2z d /2 z? | sinz |dm
@2+ D)(e+1) 0 2002% + 22 ° 1+2=

-1

(SE)

T =
2

[VE)
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NoGi dung

e Tich phén suy rong
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Tich phan suy rong vé&i can vo han
Gia st f(z) 1a ham sb xac dinh trén khoang [a, +00), kha tich trén moi doan hifu han [a, A] .

Dinh nghia 5

A—+oo

+o0 A
a) /f(w)dm: lim /f(m)dm

+oo
b) Néu giéi han nay tén tai hitu han ta néi tich phan suy réng / f(x)dz héi tu.

¢) Ngugc lai, ta néi tich phdn dé phan ky.

Vi du 3.1
+oo d +oo
Xét su héi tu va tinh gid tri cda tich phdn I = 7%, J = d—x
1+ 22 e
0 1
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Tich phan suy rong véi can vo han

Tuong tu ta dinh

nghia tich phan ctia mét ham s& f(z) trén cic khodng (—oo, a] va (—oo, +00) bdi cic cong
thic sau

a a —+o00o A
/ flx)dx = Alir{lm/f(m)dx va / flx)dx = lim /f(:c)dac
—o0 A —o0

A—+oo
Al —ocoar

Ta c6 thé viet
—+oo

70f(x)dm: / f(z)dz + / f(z)dz

néu hai tich phan sau héi tu.

Vi du 3.2

0
Tinh gia tri cda tich phdn I = / re®dx.
—oo
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Tich phan suy rong ctia ham s6 khong bi chin

Gia str f(z) 1a ham sb
i) xdc dinh trén khoadng [a,b),
ii) kha tich trén moi doan [a,t], (t < b bat ky),
iii) zligl* f(z) = 0.
Diém z = b dugc goi |3 diém bit thudng (diém ky di) cia ham sb f(z).

Dinh nghia 6

a) /b f@)dw = lim j f(z)dz.

b) Néu gidi han & vé phai tdn tai, ta ndi tich phan suy réng héi tu.

c) Nguogc lai, ta ndi tich phdn phan ky.
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Tich phan suy rong ctia ham s6 khong bi chin

Tuong tu ta dinh nghia tich phan suy réng clia ham sb f(x) khéng bi chin trén khoang (a, b] va (a,b) lan lust

nhan ¢ = a vd ¢ = b 13m diém b4t thudng.
b t/

b b
/f(:c)dx = tlir;1+ f(z)dx va /f(:v)dm = tlgri f(x)dx.

t t'—b— b

Dé&i véi tich phan c6 hai diém bAt thudng z = a,z = b, ta c6 thé viét

/bf(m)dx:/cf(m)dx+/bf(x)dm,

néu hai tich phan sau hdi tu.

Vi du 3.3
1 1 2
. A <L e ~ dx dx
Xét su héi tu va tinh gid tri cia tich phdn [ = [ —, J = | lnzdz, K = | ———.
e V2 — x2
0 0 0
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Tich phan suy rong hdi tu tuyét déi va ban hoi tu

Dinh ly 3.1

+oo e

Néu / |f(z)|dz héi tu thi / f(z)dz héi tu. Diéu nguoc lai khéng ding.

a a

Dinh nghia 7

“+oo —+oo
a) Néu / |f(z)|dz héi tu thi ta néi / f(z)dz héi tu tuyét dbi,

+o0 +oo +o0

b) Néu / f(x)dx héi tu nhung / | f(x)|dx phan ki thi ta néi / | f(x)|dx bdn héi tu.

a
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Tich phan suy rong hdi tu tuyét déi va ban hoi tu

Dinh ly 3.2
b “+oo

Néu / |f(z)|dz (c6 diém bat thudng I3 a hodc b) héi tu thi / f(x)dx ciing héi tu. Diéu nguoc lai khéng diing.

a

v

Dinh nghia 8
b b
Néu / |f(z)|dz (c6 diém bat thudng I3 a hodc b) héi tu thi ta ndi / f(z)dz héi tu tuyét dbi, con néu

a
b

b b
/ F()dw héi tu nhung / \f(2)|dz phén Ki thi ta ndi / \f(2)|dz bén héi tu.

a

Vidu 3.4

oo oo
7 : 3 L. ~ sinx cos T s
Ching minh rang cdc tich phan / dx, / dx 1a ban hoi tu.
a5 x
1 1
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Cac tiéu chuan hoi tu

Dinh ly 3.3 (Tiéu chuén so sanh 1)
Cho hai ham s6 f(x) va g(z) kh3 tich trén moi khodng hiu han [a, A] va

0< f(z) < g(x),z > a.
Khi dé

“+oo “+oo

a) Néu / g(x)dx héi ty thi / f(z)dz héi tu,

a a

+oo -
b) Néu / f(x)dx phan ky thi /g(x)dx phan ky.

a

Vién Toan ting dung va Tin hoc (HUST) CHUGNG 2 Ngay 1 thdng 8 nam 2023 46 /67



Cac tiéu chuan hoi tu

Dinh ly 3.4 (Tiéu chuén so sanh 2)
f(z)

Gid str f(x) va g(z) 13 hai ham sb kh3 tich trén moi doan hiu han [a, A] va liI_P @) =5
xTr—r—+00 g x
+oo +oo
1) THI1: 0 < k < 400, cdc tich phan / f(z)dx va / g(z)dz hodc ciing héi tu, hodc cing phan ky.
2) Th2: k=0

+oo +oo
a) Néu / g(x)dx héi ty thi / f(z)dz héi tu,

a

+oo FeD
b) Néu / f(x)dx phan ky thi /g(x)dw phan ky.

a

Vién Toan ting dung va Tin hoc (HUST) CHUONG 2 Ngay 1 thdng 8 nam 2023 47 /67



Cac tiéu chuan hoi tu
Dinh ly 3.5 (Tiéu chuén so sanh)

1) Cho hai ham sé f(z) va g(z) cé ciing diém bt thudng 13 x = a sao cho 0 < f(x) < g(z),Vz € (a,b]. Khi
dé
b

b
a) Néu / g(x)dx héi tu thi / f(z)dz hoi tu

b b
b) Néu / f(z)dz phan ky thi / g(x)dz phan ky.

2) Gid sir f(x) va g(x) c6 ciing diém bt thudng x = a. Néu tén tai gidi han

fla) _
in (@) =k (0<k<+00)

b b
thi d6 céc tich phan /f(x)dx va /g(x)d:c hodc cuing héi tu, hodc ciing phan ky.

a
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M6t s6 VD minh hoa dung TCSS

+oo z b 4
/ dz | héi tu néu a>1 / dz hoi tu néu a < 1
z* | phan ki ndu a<1’ (z —a)* | phan ki néu a >1

a

Vi du 3.5
i) /2 l—cosx -
sin®

1
Yz dx
dz, ,
2) /\/l—x‘1 v e) vV + x3
0

+ool : ; j) /cos:c—cost .
nxdr r dw 2 In(l+7a) &
b [R5 )/x4+$2+1 / P+ya)

Vadz

1 Foo
c)/esmi%dx, )/hlli:;;s/; k) 0/ =
; d [ d T
%) /ﬁ ) J sin:w' ) J \/ﬁdx )
49/67
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NoGi dung

0 Cac 'ng dung cha tich phan xac dinh
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Tinh dién tich hinh phang

Hinh thang cong:

a<z<b
Néus ¢V~ f@)
y=g(x)
fy9 € Cla,b]
c<y<d

Néu S i:;g; thi | S = / | o(y) —¥(y) | dy )

@, € e, d]

Vi du 4.1

TH+y>2

Tinh dién tich ciia mién D : < ~," ° 3
<+ y° < 2z.
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Tinh dién tich hinh phang

Trudng hop bién cha hinh phing cho dusi dang dudng cong dang tham sb

a<z<b
=0
T = (1)

Néu S gidi han bsi { Y
{ — (1)

Trong d6 gia thiét ring phuong trinh o(t) = a,1(t) = b c6 nghiém duy nhit 13 t1,t2 va @, 1, ¢" € Clt1,ta].

Vién Toan ting dung va Tin hoc (HUST) CHUGNG 2
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Vi du 4.2
Tinh dién tich cia hinh tron z° + y* < R J

Lai giai: Ndra trén cta hinh tron bi chdn bdi —1 <z <1,y=0, x = Rcost va y = Rsint véi 0 <t < 7. Khi
dé
. R?(1 — cos 4t
(e’ ()] = B sint = %
Khi dé dién tich nlra trén cta hinh tron I3

P2 2 : ™ 2
S:/R (1 cos4tdt: Rt sin8t|" 7R
2 2 8 |, 2

0

Do dé dién tich cGa hinh tron 13 7R2.
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Tinh dién tich hinh phang

Trudng hop bién cia hinh phaamg cho trong hé toa dé cuc (tinh dién tich cla mién c6 dang hinh quat)

p=o
N&u S gi6i han bai J ¥ = thi|S = = / 2 (p)dy (4)
r=r(p) 2
r(¢) € Clo, ]
Vi du 4.3
Tinh dién tich hinh phing gidi han béi dudng hinh tim r = 1 + cos . J
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Tinh d6 dai dudng cong phing

Trudng hop dudng cong cho bdi phuong trinh y = f(z)

y = f(x) b
ase<h  thils= [VITF@P (5)
f/(x) lién tuc a
Vi du 4.4
e® +1

Tinh d6 dai duong cong y = In

khi x bién thién tir 1 dén 2.

2x + 1 2
2 €
Nén dp dung céng thic 5 ta dugc:

2 e
2z 2
1 =e2® 1 1
s= [ Gt [ =
e?r —1

1

er — 1

Lai giai: Ta cé

€
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Tinh d6 dai dudng cong phing

Trudng hop dudng cong cho bdi phucng trinh tham sb:

x = xz(t)

y =y(t) A

a<t<p thi| s = [ VEOF+ 0P
' (t),y'(t) lién tuc a

22(t) +y?(t) > 0, ¥t € [o, ]
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Vi du 4.5

t
= t+ Intan —
Tinh dé dai dudng cong r=a (COS +intan 2)

y = asint,

w3
IA
~
IA

S

Loi giai: Ta ¢6

2
2
ac/() (t)— QCOS t:>s=a/ cos tdtzal V3

sin’t sin®t

w3y
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Tinh d6 dai dudng cong phing

Trudng hgp dudng cong cho bdi phuong trinh trong toa dé cuc:

r=r(p)
a<ep<p
r'(¢) lién tuc

thi

B
5= / V@) T (@) dy
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Tinh thé tich vat thé

Trudng hop vat thé duoc gidi han bdi mdt mit cong va hai mit phing © = a,z = b. Gi3 thiét ta biét ring dién
tich S cha thiét dién clia vat thé khi cit bdi m3t phin z = xo 13 S(z0), va S(z) 1a ham s xac dinh, kha tich
trén [a, b]. Khi dé

V= /S(x)dw (7)

a

Vi du 4.6

Tinh thé tich cia vat thé 13 phdn chung ciia hai hinh try 22 + 3 = a® va y* + 22 = a®(a > 0). J

L&i giai: Dién tich chia vat thé I3
V= 8/(a2 — 2%)dz = 163a®
0
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Tinh thé tich vat thé

a<xz<b
Trudng hop vat thé 13 vat thé tron xoay dugc tao thanh khi quay hinh thang cong < y =0 quanh truc
y = f(x)
Oz, trong d6 f(z) lién tuc thi
b
V= 7r/f2(:1:)dw (8)
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Vidu 4.7

Tinh thé tich khi tron xoay tao nén khi quay hinh gidi han bdi cic dudng y = 2z — 2 va y = 0 quanh truc Oz
mot vong.

L&i gidi: Gidi 22 — 22 = 0 dudc z = 0 hodc z = 2. Do dé6 thé tich kh&i tron xoay |a
g

2 2
42 P 16
V=n[Qx—2lde=n [ (42® — 42® + 2*)dx = T 2+ r=m
3 50,7 " 15
0 0
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Tinh thé tich vat thé

c<y<d
Tuong tu, néd vat thé 13 vat thé tron xoay dugc tao thanh khi quay hinh thang cong ¢ z =0 quanh truc
z = p(y)
Oy, thi
d
V= ﬂ/soz’(y)dy (9)
c
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Vi du 4.8

2

Tinh thé tich khdi tron xoay tao nén khi quay hinh gidi han bdi cic dudng y = 2x — z* va y = 0 quanh truc Oy

mot vong.
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Tinh dién tich mat tron xoay

<z<b
Cho dudng cong e=T=
y=f(z)

VAt thé tron xoay. Khi dé dién tich xung quanh clia vit thé dugc tinh theo cdng thic:

véi f'(zx) lién tuc. Quay hinh thang cong ndy quanh truc Oz thi ta dugc mét

b

s=2r [ | f(o) | VTH FP@)da (10)

a
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Vi du 4.9

e o o2 o A . p N T
Tinh dién tich m3t tron xoay tao nén khi quay cdc dudng sau y = tanz,0 < x < 1 quanh truc Ozx.
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Tinh dién tich mat tron xoay

c<y<d

vé6i ¢’ (y) lién tuc, quanh truc Oy thi:
z=p(y)

Tuong tu néu quay dudng cong {

d

s=2n [ 16) | VIT 720y (1)

c
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Vi du 4.10

2 2

” AL < N N . N x
Tinh dién tich mat tron xoay tao nén khi quay duong — + L
a

i 1 quanh truc Oy (a > b > 0).
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