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Dinh nghia 1

Cho X va'Y [a cdc tap hop con ctia R. Mét ham ) f ditor tdp hop X vao tdp hop Y, ki hiéu f : X — Y, Ia
mét quy tic cho tuong iing mdi gid tri x € X véi mot gid tri duy nhdty € Y.

Chii y ring didu nguoc lai khong ding, véi mét gid tri y € Y c6 thé c6 hai gia tri 21 # 2, (x1,22 € X) sao cho
f(z1) = f(z2) = y. Ch3ng han nhu f(z) = 2°.

Tap xac dinh - Tap gia tri

a) TXD = {z € X|f(z) dudc dinh nghia}.
b) TGT ={y € Y|3z € X, f(x) = y}.
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Ham s6 ch3n, ham s6 lé

2) Ham sb chn: {‘v’m € TXD,—z € TXD,

f(=z) = f(=z)
. 4., JVzE TXD,—xz € TXD,
b) Ham sé lé: {f(—x) — i)

Ham so tuan hoan

IT>0: f(z) = f(w+T), Vo € TXD.

Ham hgp

Cho R L R % R. Khi dé (go f)(z) = g[f(z)].
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Ham so

Ham ngudc

Cho f: X — Y la mét song anh. Khi dé

7Y - X,

y—az=f'y) ey=f(x)
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Cac ham s0 so cap cd ban

1. Ham lily thira y = z®. Dinh nghia v TXD clia ham sb nay phu thudc vio a.

a) Neuo<a= 2 (phan sb t8i gidn) thi dinh nghia 2 = ¥/zP.
q

A p A A LAr 2 L4 - 1
b) Néu a = —= < 0, (phan sé toi gian) thi dinh nghia 2% = .
) ” (p gian) g Vo

c) Néu a ¢ Q thi ham sb y = 2 dugc dinh nghia nhu I6p 12, né xé4c dinh véi z > 0. Trong trudng hop
a > 0 ta bd sung diém z = 0 vao tip xac dinh cta ham s6 véi y(0) = 0.
2. Ham sb mii y = a® (0 < a # 1) xac dinh trén R va ludn ducng. Ham ndy ddng bién néu a > 1 va nghich
bién néu a < 1.
3. Lam sb logarit y = log,(x) (0 < a # 1) xac dinh trén RT. Ham sb nay déng bién néu a > 1 va nghich
bién néu a < 1.
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Cac ham s0 so cap cd ban

4. Ham lugng giac

a) Ham sb y =sinz, TXD = R, I3 ham s 1&, tudn hoan CK 27.

s
2
sinx T
0
sinx i
pis
2
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Cac ham s0 so cap cd ban

4. Ham lugng giac

b) Ham sb y = cosz, TXD = R, |2 ham sb ch3n, tudn hoan CK 2x.

T
2
T T
T 0
coszT coszT
T
2
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Cac ham s0 so cap cd ban

4. Ham lugng giéc

c) Ham sd y = tanz, TXD = R\ {(2k + 1)g,k € 7}, 13 ham sb 18, tudn hoan chu ki .
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Cac ham s0 so cap cd ban

4. Ham lugng giac
d) Ham sb y = cotx, TXD = R\ {kx, k € Z}, |3 ham sb 1€, tudn hoan chu ki 7.

m
cot x 2 cot x

v 3
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Cac ham s0 so cap cd ban

5. Ham lugng gidc ngugc.

a) Ham sb y = arcsinz, TXD= [~1,1], TGT= [—g g] va I3 mét ham sb don diéu ting.

T
2
T arcsin x
0
T arcsin x
T
2
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Cac ham s0 so cap cd ban

5. Ham lugng gidc ngugc.
b) Ham sb y = arccosz, TXD= [~1,1], TGT= [0, 7] va 13 m&t ham sb don diéu gidm.

s

arccosx arccosx

v 3
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Cac ham s0 so cap cd ban

5. Ham lugng gidc ngugc.
T

c) Ham sb y = arctanz, TXD=R, TGT= (—5, 5) va 13 mdt ham sb don diéu tang.

T
2
T

> arctanx

—T—> arctanx

T

v 2

Vién Toan ting dung va Tin hoc (HUST) CHUGNG 1 Ngay 1 thdng 8 nam 2023 13/82



Cac ham s0 so cap cd ban

5. Ham lugng gidc ngugc.

d) Ham sb y = arccot z x4c dinh trén R, nhan gia tri trén (0,7) va 13 mdét ham sb don diédu gidm.

T
T 2 T

arccot x arccot x

v 3

Vién Toan ting dung va Tin hoc (HUST) CHUGNG 1 Ngay 1 thdng 8 nam 2023 14 /82



Ngudi ta goi ham sb so cAp 13 ham sb dugc tao thanh bdi mét s& hitu han cic phép todn cbng, trir, nhan, chia,
13y ham hop doi véi cdc ham so so cap cd ban. Cic ham sé so cap dugc chia thanh hai loai.

a) Ham sb dai sb: 1 nhitng ham s& ma khi tinh gi4 tri cha né ta chi phai lam mét sb hitu han céc phép toén
cdng, trir, nhan, chia va Ity thira véi sé mi hitu ti. Vi du: cdc da thic, phan thigc, ...

b) Ham sb siéu viét: 13 nhing ham sb so cAp nhung khéng phai 13 ham sb dai sb, nhu y = Inz,y = sinz, . ..
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Day so

Dinh nghia 2

Mét ddy sb 13 mét ham s6 N — R, n — ay,.
Ki hiéu {an }nen.

a) Day sb don diéu: ting (an < ani1), gidmM (arn > ani1), V.
b) Diy 56 bi chan: chan trén a, < M Vn, chdn dudi: a, > K,Vn.

Gidi han cha day sb

Mét day sb {a,} duoc goi 13 c6 gi6i han 13 L va viét lim a, = L néu

n— oo

Ve>0,IN €N, (n > N = |an — L| < ¢).
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D3y sb héi tu - phan ki

a) Ta néi diy sb {a,} 13 hdi tu néu c6 sb L € R sao cho lim a, = L.
n—o0

b) Ngugc lai, ta néi diy sb {a,} 13 phan ki.

Gidgi han v6 cung

Ta ndéi lim a, = +00 néu
n—oo

VM >0,3N € N,(n > N = an, > M).

Hay phat biéu cho TH lim a, = —o0
n— oo

Tinh duy nhit cha gi6i han

Gi6i han clia mét ddy s6, néu tdn tai, 13 duy nhAt.
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Céc tiéu chuin ton tai gidi han:

Tiéu chuan cta day so don diéu

Mbét diy sb ting va bi chin trén (ho3c gidm va bi chidn dudi) thi hdi tu.

Tiéu chuin kep

Cho cac day sb thuc (an), (bn), (¢n) thda man
a) AN eN:a, <b, <c¢,,¥n > N,

b) lim a,= lim ¢, = L.
n—-+oo n—+oo

Khi d6, lim b, = L.

—+4o0
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Tiéu chuan Cauchy

Dinh nghia 3

D3y s6 {an} duoc goi la diy sb Cauchy néu véi moi € > 0, tén tai sb tu nhién N sao cho |an — am| < € Vi moi
m,n > N.

v

Vi du 1.1

D3y sb {%} 13 mét day sb Cauchy.

Dinh Iy 1.1

D3y sb {an} 13 hdi tu khi va chi khi né 13 day s6 Cauchy.

Vi du 1.2

. N - % Y- 1 1 . . .
Ching minh rang day s6 {an} vdian =1+ 3 + o+ - la phan ky.
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Gidi han cta day sb6

Céac phép toan vé gidi han ciia day sb

Néu tdn tai lim an = A, lim b, = B hifu han thi
n——+oo n——+oo

a) lir_~I_1 (an +bn) = lir_‘r_l an + 11111 bn,
n—-+oo n——+oo n——+oo

b) lilll (an —bn) = lir_‘r_l an — 11111 bn,
n—-+oo n——+oo n——+oo

c) lim (anbn) = lim a,. lim by,
n—-+oo n——+oo n——+oo

a lim an
d) lim =% ="2%%_ n&y lim b, #0.
n——+oo

no+oco b,  lim by’
n—-+oo

Bbn dang vé dinh: oo — oo, o , 0Xxoo.

813
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NoGi dung

Q Gidi han ctia ham so
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Gidi han cia ham so

Hai dinh nghia tuong duong:
Dinh nghia 4

Gi st ring ham sb f(x) duoc xdc dinh tai moi diém x € (a,b) \ {xo}. Ta néi gidi han cda ham sé f(x) khi x
tién dén xo bing L va viét
A= 4
néu vdi moi e > 0, ton tai s6 6 > 0 sao cho véi 0 < |x — xo| < J thi |f(z) — L| < e.
Tuong tu nhu vy, hdy néu cdc dinh nghia lirn+ f(z), lim f(z), ligl f(z).
- r—r oo

IE—)CEO JE—)EO

Dinh nghia 5

zligclo flz) =L &Yz}, zn # 0, ngrfw ZTn = xo thi lim f(z,)= L.

n——+oo
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Céc tinh chit cha gidi han

Tinh duy nhit cha gigi han

Gi6i han lim f(z), néu ton tai, 13 duy nhit.
T—>TQ

Cac phép toan trén gidi han
Néu ton tai cic gi6i han lim f(z), lim g(z) hitu han thi
T—TQ T—TQ

3) Jim [/(@)+9(@) = lim f(@)+ lim g(z).

b) lim [f(z) — (o)) = lim f(a)~ lim g(a).

T—xQ T—rTQ
c) lim [¢f(z)] =c lim f(x).
T—x( T—x(

@) Jim [f(@)-9(e)) = Jim f(@)- lim o(z).

T—xQ r—xQ

(@) lim f(x)

. T—x0 A .
e) lim ——= = ————— néu lim g(z) #0.
z—zo g(x) lim g(z) Tz
T—TQ
y
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Dinh Iy 2.1 (Tiéu chuan kep)
Néu f(z) < g(z) < h(z) trong mét 1an can ndo dé ciia o, va tén tai cdc gidi han lim f(z) = lim h(z) = L.
T—xTQ T—xTQ

Khi dé lim g(x) = L.
T—xQ

Vi du 2.1
G gfely T S = fhien & =L = Tamy i @) g,
xz—0 X x—0 xX x—0 98

Gigi han cia ham hgp

o o | I, (@) = o, -
Néu cé UILHJO F(a) = (o) thi mlglzlo f (u(z)) = f(uo).

. lim B(z)ln A(z)
i B(z) = e %0
Ap dung zh_{grvlo A(z) e .
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NoGi dung

© V6 ciing 16n - V6 ciing bé
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Vo cung Ién - V6 cung bé

Vo6 cung bé

Ham sb f(z) dugc goi 13 mét vé ciing bé (viét tit 13 VCB) khi z — a néu lim, ,, f(z) = 0.

Tur dinh nghia gi6i han cta ham s, néu lim f(z) = A thi f(z) = A + a(z), trong dé a(z) 12 mét VCB khi
r—ra

Tr — Q.

Vi du 3.1
f(z) = sinz, g(x) = tanz, h(z) = £*°'7 13 cdc VCB khi z — 0.
o
Céc tinh chét
a) Téng, hiéu, tich ctia hai VCB I3 mét VCB.
b) Tuy nhién, thuong ctia hai VCB chua chic d3 13 mét VCB, vi chiing thudc dang vé dinh g
w
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So sanh cac VCB

So sanh cac VCB
Giad st a(z) va B(x) la cdc VCB khi z — a.

a) Néu lim % =0, ta néi rang a(z) 1a VCB bic cao hon f(z) va ki hiéu a(x) = o(B(x)).

b) Néu li_r)n % = A #0, ta néi ring a(x), B(z) 1a cdc VCB cling bac. Dic biét, néu lim o) =1 thita
T—a 1;) Tr—a (m)
néi a(z) va B(x) 1a cac VCB tuong duong va viét a(x) ~ B(x).

Vi du 3.2

a) f(x) =2 (a >0) 13 VCB bac cao hon g(x) = 2 (b > 0) < a > b.
b) sinx ~ x.
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Quy tac thay tuong duong

Quy téc thay tuong duong
Néu ta c6 cc VCB tuong duong o () ~ az(z), Bi1(x) ~ Ba2(z) khi z — a thi

oaa(z) _ .. aa(z)

b Bi(z) ~ o Ba(a)’

Cac VCB tuong duong hay dung khi x — 0

a7

a® —1
T ~sinx ~ tanx ~ arcsinz ~ arctanz ~ e* — 1 ~ I ~In(l+z), 1+2)*—1~az.
na
v
Vi du 3.3
2
et . YT¥az— YT¥Pa
a) lim ——. c) lim
z—0+ $2 + 563 x—0 T
b) i eV -1 . Wl4ax. Y1+ 6x—1
) lim o d) lim .
=0+ \/x + 2 z—0 z. 4
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Quy tic ngat bé VCB bac cao

Quy téc ngit bé VCB bac cao
Cho a(x), f(z), B(x), g(x) I3 cdc VCB khi 2 — a. Néu a(z) = o(f(z)), B(z) = o(g(x)) thi
L@ ) L f()

255 g(@) + B) =56 g(@)’

Vi du 3.4

sin 2z + arcsin® z — arctan® x

. . 1—cosz+2sinz —sin®z — 22 + 32
a) lim b) lim 3 =
z—0 3z z—0 tan® x — 6sin” x + x — 5x3
V.
Vién Toan ting dung va Tin hoc (HUST) CHUGNG 1
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Vo cung bé

Vi du 3.5 (Giira ki, K61)

So sanh cadp vé cung bé sau diy khi x — 0

a) a(z) = Vz2 + 23, PB(z) =" —1.

b) a(x) = vzt —25, B(z) =In(1 +tanx).
c) a(z)=e"® -1, B(z)=Vz+ 2.

d) oz(x):e””2 -1, B(z) =+

e) a(z) =z + vz, B(zx)=e"" —cosz.

Chii y 3.1

KHONG thay tuong duong véi hiéu hai VCB, a(z) = sinz — tanx + z°.

3
a) Thay tuong duong a(x) ~ z®, (SAT), b) Thuc té, a(z) ~ % (DUNG).
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Vo cung Ién

V6 cung Ién
a) Ham sb f(z) dugc goi 1a mdt vé cling I6n (viét tit 13 VCL) khi z — a néu lim, ., |f(z)| = +oo0.

b) f(z) la mét VCL khi z — a & ﬁ I3 mét VCB khi z — a.

So sanh cac VCL
Gia st (z) va B(z) la cdc VCL khi z — a.

a) Néu lim % = 00, ta néi rang a(z) 13 VCB bac cao hon B(z).

T—ra

b) Néu lim % = A #0, ta ndi ring a(2), B(x) 1a cic VCL cing bic. Dic biét, néu lim % —1thita
néi a(z) va B(z) 1a cic VCL tuong duong va viét a(z) ~ B().
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Vo cung Ién

Quy tic thay tuong dudng va ngit bé VCL bac thip

a) Né&u ai(z) ~ az(z), Bi(x) ~ Ba(x) 13 cdc VCL khi z — a thi lim

b) Cho a(z), f(z), B(x), g(x) 1 cac VCL khi z — a. Néu a(x) 13 VCL bac thip hon f(x), f(x) 1a VCL bac

thap hon g(z) thi

ai(xz) az(z)

" oa Bz

T—a 51 (;L')

i @) 0@ S0)
2 @)+ Ble) % ga) ]
Vi du 3.6
Tinh
T /T z + 27

lim 5
z—+o0o, /o _|_\/5

im .
z—+oo T + 3%
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0 Ham so lién tuc
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Ham so lién tuc

Dinh nghia 6
Ham sbé f(z) duoc goi la lién tuc tai zo néu né x3c dinh trong mét Ian cin ndo dé cda o va lim f(z) = f(zo).
T—xQ
V.
Lién tuc mot phia
a) Lién tuc trdi: lim f(z) = f(xo). b) Lién tuc phai 1im+ f(x) = f(zo).
LTy T—T y

Vi du 4.1 (Hoc ki 20163)
Tim a d& z = 2 13 diém lién tuc ciia ham sb

£ {acos v —1, néuxz>1,
xTr) =

arccot(l —x), néux < 1.
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N\
A

Cac dinh ly vé ham lién tuc

Ham so lién tuc trén mét khoang, mét doan

7
A Z 1"A

i) Ham s& f(z) lién tuc trén (a,b) néu né lién tuc tai moi zo € (a,b),
i) Ham ) f(z) lién tuc trén [a, b] néu né lién tuc tai moi zo € (a,b), ddng thai lién tuc phai tai a, lién tuc
trdi tai b. Khi dé, né
a) bi chdn trén doan d6, tic 1a m < f(z) < M Vx € [a,b)].
b) dat dugc GTLN, GTNN trén dé.

Lién tuc tirng khuc

Ta néi ham sb f(x) lién tuc ting khic trén [a, b] néu
a) a=ap<a1 <---<ap=b,
b) f(z) lién tuc trén mdi khodng (a;, ait+1),
c) ton tai lim+ f(z) va lim f(z) hitu han.

m—)ai :Z—)ai+1
v
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N\

Cac dinh ly vé ham lién tuc

Mot sb tinh chét

Téng, hiéu, tich, thuong clia cic ham sb lién tuc?

Su lién tuc cia ham hgp

. Ju(z) lién tuc tai = . .
é { (@) e thi f(u(x)) lién tuc tai z = xo.

S (w) lién tuc tai uo = u(zo)

Su' lién tuc cha ham ngugc

Néu y = f(x) déng bién va lién tuc trén khoang (a,b) thi ham ngugc y = g(z) ciing dong bién va lién tuc trén

f(a,b).
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Cac tinh chat cua ham so lién tuc

Dinh ly gia tri trung gian

Cho f : [a,b] — R 13 m&t ham sb lién tuc. Khi d6 f(x) nhan tit ca cac gid tri trung gian giita f(a) va f(b).

Nghia 13, ndu f(a) < f(b) thi Ve € [f(a), f(b)],3a € [a,b] : f(a) =c.

Dinh ly Cauchy

Néu f(z) lién tuc trén [a,b] va f(a).f(b) < 0 thi 3a € (a,b) sao cho f(a) = 0.

Vi du 4.2

Cho f(x) = az® + bz +c.
a) Biét a + b+ 2c =0, chiing minh ring f(z) cé it nhat mét nghiém trong khodng [0, 1].
b) Biét 2a + 3b + 6¢ = 0, chiing minh ring f(x) c6 it nhit mét nghiém trong khodng [0, 1].
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Diém gian doan ciia ham so

Diém lién tuc

p=[3 lim f(z) hitu han] A [3 lim f(z) hiu han]

ALlim f(z) = Tim_f(z) = f(zo0)]
Phan loai diém gian doan
p=IA lim f()]V[A lm_f()] Loai 11
V[ lim f(z) = oo] V[ hm f(z) = o] Loai Il
V[ lim f(z) # hm f( )] Loai |
V[ lim f(z) = llm f( )] # f(zo) Bé duogc

Néu zo 13 mét diém gidn doan loai | thi gi4 tri |f (zg) — f (z5)| goi I3 busc nhiy ciia ham sb.
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Phan loai diém gian doan cia ham so6

Vi du 4.3 (Giira ki, K61)
Tim va phan loai diém gidn doan cia cic ham sé

1

_ l7:111‘0';an%
a) Yy = m. b) y=e2 o

Chi y: TAt c3 cic ham sb so chp déu lién tuc trén TXD cla ching.
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Su lién tuc déu

Ki hiéu I 13 mét trong cac khoang sau (a,b), (a, b], [a,b), [a, b].

Dinh nghia 7

Cho ham s f(x) xédc dinh trén khodng I.

a) Tandi f(x) 13 lién tuc tai zo néu lim f(zx) = f(zo), nghia I3
T—TQ

Ve > 0,36 = (e, x0),Vz € I, (|x — zo| < 6 = |f(x) — f(z0)| < €).

Ham sb f(x) duoc goi la lién tuc trén I néu né lién tuc tai moi zo € I.

b) Ta néi f(x) lién tuc déu trén I néu

Ve > 0,36 = 3(e),Va,y € I, (Jx — y| < 6 = | f(z) — f(y)] < e

a) Lién tuc: 6 = d(e, x0),
b) Lién tuc déu: 6 = 6(e)
Vi du: Xét ham s f(z) =z

LIEN TUC DEU = LIEN TUC|
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Tinh lién tuc déu

Dinh ly 4.1 (Heine-Cantor)

Néu f(x) lién tuc trén khodng déng [a,b] thi né lién tuc déu trén do.

Vi du 4.4

Xét su lién tuc (déu) cha ham sé f(x) = 4907 trén [—1,1].

BG dé 4.1
i) Néu f(x) lién tuc tai zo thi véi moi day {zn} C I,
Jim zn =20 = lim f(za) = f(zo).
i) Néu f(x) lién tuc déu trén I thi véi moi diy {x,} C I va {y,} C I,

S (o =a) =0 Tag ) = igs] =0
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Tinh lién tuc déu
Theo tiéu chudn kiéu d3y sb nay, mudn chi ra ham sb f(z) khéng lién tuc déu trén I, ta chi ra hai d3y sb
{zn} C I va {yn} C I sao cho

lim (2, —yn) =0 NHUNG lim [f(zn) — f(yn)] # 0.

n——+oo n—-+oo

Vi du 4.5
Xét tinh lién tuc déu cda ham sb sau trén (0,1)
1
2) fa) =1,

b) g(z) =Inz,
c) h(z) = sin%
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NoGi dung

© D20 ham va vi phan

Vién Toén dng dung va Tin hoc (HUST) CHUONG 1



Dao ham

Dinh nghia 8

a) Dao ham

f(w0) = lim L@+ 82 = f(@0) _ o F@) = flwo)

Az—0 Az z—zg X — To

b) Dao ham phdi:

c) Dao ham tréi:

Vi du 5.1

; Q A > 0
Gitta ki, K61 Tinh f'(0), biét f(z) =45 "=
z°+x, néuz<O.
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Dao ham

Céc tinh chét

a) Mbi quan hé giifa dao ham va dao ham mét phia.

3f'(20) & [3f' (g ) hitu han] A [Bf (zq) hitu han] A [f'(z) =

b) f(z) c6 dao ham tai zo % lién tuc tai .

(o).

Céc phép toan trén dao ham
a) (u+v) =u +, c) (w) =u'v+uw,
b) (u—v) =u —7, d) () uv—uv.

Vi du 5.2 (Giifa ki, K61)

Hay chi ra mét ham sb f(z) xdc dinh trén R, lién tuc tai cdc diém xo = 0,x1 = 1 nhung khéng cé dao ham tai

céc diém nay.

v
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Dao ham cta ham hgp va ham nguogc

Dao ham ctia ham hgp

[f (w(@)]' = fu-us.

Dao ham cta ham ngudgc

a) Ham sb y = f(z) c6 dao ham tai = va f'(z) #0,
b) ham sb y = f(z) c6 ham sb ngugc = = ¢ (y)

thi ham s6 = = ¢(y) c6 dao ham tai y = f(z) va ¢'(y) = @)
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Bang dao ham cac ham so so cap co ban

a) (:vo‘), =zt

b) (a*) =a®lna

’ 1 1— 3'/'2
) (og, ) = L C
i) (arccosz) = — =
d) (sinz) =cosz -
. / 1
e) (cosz) = —sinzx j) (arctanz) = 1+ 22
’ 1 ’ 1
f) (t = k) (arccotz) = —
) (tanz) = —— ) ( ) 5 a2
) oLt i o )
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Vi phan
Cho ham sb y = f(z) c6 dao ham tai zo. Theo dinh nghia cla dao ham,

L L @0+ Az) — f(@o) '

Az—0 Az = f (@)
o G L@+ A7) = flwo) = [(z0)A(z) _
Az—0 Az
Do vay
Fao + Ax) = f(w0) = [ (z0) Az = o(Az)
= f(z0 + Az) — f(zo) = f (z0) Az + o(Ax)
= f(zo + Az) — f(z0) ~ f,(xo)Ax khi Az — 0.
Dinh nghia 9

Cho ham sé f(x) xéc dinh trong mét Ian can Ue(xo). Néu c6 Af = f(zo + Ax) — f(z0) = AAz + o(Ax), & d6
A chi phu thudc vao xo chi khéng phu thudc vao Az thi ta ndi ham sb f(z) kha vi tai zo va
df = AAz.
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Vi phan

M&i lién hé giita dao ham va vi phan

a) D&i véi ham sb mét bién sb, ham sb c6 dao ham tai  khi va chi khi né kha vi tai , va df (z) = f'(z)Az.

b) Néu y = = thi dy = dz = 1.Az. Vi thé véi bién sb dbc lap = ta c6 dz = Az va do dé,

dy = df(z) = f (z)de.

Cac phép toan trén vi phan

u vdu — udv
dlutv)=dutdv, d(uv)=udv+vdu, d (5) = " . )
Vi du 5.3 (Giira ki, K61)
Tim f'(x) néu biét
d 2 d 2
a) ——[f(2016z)] = z°. b) ——[f(2017z)] = a2, )
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Y nghia & ng dung cua vi phan

Tinh b4t bién clia vi phan cAp mét
Cho y = f(z) 13 m&t ham sb kha vi.
a) Né&u z 13 mét bién sb déc lap thi ta c6 dy = f'(x)dz,

b) Né&u z khéng phai 13 mét bién sb doc lap, ching han nhu & = z(t) 12 mét ham sb phu thudc vao ¢ ching
han, thi ta vin cé

Do dé, vi phan cAp mét c6 tinh bat bién.

Chu y: Vi phan chp cao khéng c6 tinh b4t bién nay.

Ung dung ctia vi phan vao tinh gan ding

F(zo + Az) & f(z0) + f (0)Ax.
Vi du (Gitta ki, K61): tinh gan dang ¥/7, 97, ¢/8,03.
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Dao ham cap cao

Dinh nghia 10
Néu ham sb y = f(x) c6 dao ham thi y, = f,(:c) goi 13 dao ham cip mét cia f.
a) Dao ham, néu cé, ciia dao ham cip mét duoc goi 13 dao ham cAp hai, ki hiéu I3 f” (z).

b) Dao ham, néu cé, ciia dao ham cip n — 1 duoc goi I3 dao ham cdp n, ki hiéu 13 f™ (z).

Cac phép toan
a) (uxov)™ =u™ L™

b) (u.w)™ = 3 Cku®p(=F)  (cong thic Leibniz).
k=0
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Bang dao ham cap cao

1) (wa)(n) — a(a _ 1) . (a —n+ 1)$a—n

(m) n!
) (i4a) =V G
3) (sinz)™ =sin (m + %r)

Vi du 5.4 (Giita ki, K61)
Tinh cdc dao ham cép cao
a) [(#? + z)e®] .
b) (z?sin2z)C9.

c) (x%cos2x)®?.

(n) — nr
d) (cosz) cos (;c—i— 5 )

e) (a®)™ =a®(Ina)"
(n—=1)

f) (ln:v)(") = (—1)”71;771

L\
? (=)

e) y'*(0) véiy(a) = e,
) y9(0) vdi y(x) = arctan z.
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Vi phan cip cao

Dinh nghia 11

a) Vi phén cia vi phan cdp mét d(d(f(x))) duoc goi 1a vi phan cp hai cda ham sb f(x), va dugc ki hiéu I3
&> f(z).
b) Tuong tu nhu véy, d" f(z) = d(d" " f(x)).

Cong thdc tinh
a) Néu z 13 bién sb doc 1ap thi d" f(z) = f™) (z)dz™.
b) Chi y ring vi phan cAp cao khéng c6 tinh bt bién, ching han nhu, néu 2 phu thudc vao ¢ thi

df(z) = f'(z)dz, d’f(z) = f'(x)d’x + f"(z)dz® # f(x)dz”.

Vi du 5.5 (Hoc ki 20163)
Cho y = (2x + 1) sinz. Tinh d*?y(0).
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NoGi dung

G Céc dinh ly vé& ham kha vi va iing dung
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Cac dinh I§ vé& ham kha vi

Dinh Iy Fermat

Gia thiét ham sb f(x)
a) xac dinh trén (a,b),
b) dat cuc tri tai zo € (a,b),
c) ton tai f(zo).

Khi dé, f'(z0) = 0.

Néu f(z) dat CD tai zo thi

) £(ef) = tim Lot H =T o
i) f'(ag) = lim f(wo + h}i = f(zo) 5,

3f'(w0) = f'(xg) = f'(x5). Didu nay chi xdy ra khi f'(zf) = f'(z5) = 0.
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Cac dinh I§ vé& ham kha vi

Dinh ly Rolle

Néu ham s f(z)
a) Lién tuc trong doan [a, b],
b) C& dao ham trong khoang (a,b),
c) thda man diéu kién f(a) = f(b),

thi ton tai it nhit mét diém ¢ € (a,b) sao cho f/(c) = 0.

Vi du 6.1 (Hoc ki 20163)

Cho ham s6 f(x) = (z — 1)(x* — 2)(x® — 3). Phuong trinh f'(x) = 0 c6 bao nhiéu nghiém thuc? Gidi thich.

v
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Cac dinh I§ vé& ham kha vi

Dinh ly Lagrange
Néu ham sé f(xz)
a) Lién tuc trong doan [a, b],
b) Cé dao ham trong khodng (a,b),

N 4 2 / f(
thi ton tai it nhat mét diém ¢ € (a,b) sao cho f (¢) = A ) f(a).

Vi du 6.2 (Giifa ki, K61)

Chifng minh ring 1b+ b2 < arctan b — arctana < lb_:;; véi 0 < a <b.
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Cac dinh I§ vé& ham kha vi

Dinh ly Cauchy

Néu cic ham sb f(z), g(z) théa man cac diéu kién
a) Lién tuc trong doan [a, b],
b) Cé dao ham trong khoang (a,b),
c) ¢ (z) #0,Vx € (a,b). Khi dé,

Jc € (a,b) sao cho J; =
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Céc cbng thitc khai trién Taylor, Maclaurin

Dinh Iy 6.1

Néu ham sé f(z) C6 dao ham dén cip n + 1 trong khodng (a,b), zo € (a,b), thi f(z) c6 thé biéu dién dudi

dang
(o ™) (zo o e nt1
5@ = f@o) + TP o) 44 L n(' o) +f(n+1()!)(“’_m°) :

)

3 dé ¢ la mét s6 thuc ndm gilta x va xo nao dé.

Néu 2o = 0 thi céng thidc sau con dusc goi |3 cbng thiic Maclaurin:

£ F0) o fO) i
fay = o)+ L0 g O <n+1(>!)“-
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Mot so khai trien Maclaurin

— 1) (e — 1

a) (1+x)a:1+a:c+ww2+~~+a(a ) n,(a nt ):L'"-I—o(m")

1
b) m:1—a:+:c2—~--+(—1)"w"+o(a:")
c) ﬁzl—l—x—i—xz—ku'—i—x"—i—o(m")

2 n

T _ z z n
d) e =ldatop+t g +o(z")

. x3 x5 n x2n+1 S

- B 220 )
f =1—-=+—4---+ (D" "
) cosw o Tt D gy Hele™)
2 3 n

g) ln(l—l—x):a:—%—i—%—l—---—i—(—l)"*l%—i—o(x")

Ung dung

a) Tinh gan ding.
b) Tinh gidi han.

Vién Toan ting dung va Tin hoc (HUST) CHUGNG 1 Ngay 1 thdng 8 nam 2023 60 /82




Cong thic Maclaurin

Tinh gan diing
Tinh gan ding sb e véi sai s6 nhé hon 0, 0001.
Tinh gigi han
Tinh )
. x—sinx
lim ———.
xz—0 x?’
.
Vi du 6.3 (Giira ki, K61)
Tinh gidi han
2) lim & —cosx;ln(l—ka:)_ d) lim & —smmz—cos:v'
z—0 T z—0 X
b) lim w . In(l+z)—sinz
550 2 e) lim z
1 x—0 B
e’ — 2z g
. 1—zx . e —1—sin2x
<) lim ———. f) lim ————5——. y
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Quy tac L’Hospital

Dinh Iy 6.2 (Quy tic L’Hospital)
Gi3 thiét

i) Cdc ham sb f(x),g(x) kh3 vi trong mét Ian can nao dé cia diém a (c6 thé trir tai a), g (z) # 0 trong l3n
can ay,

i) Jim f(x) = lim g(x) = 0.

Khi d6 néu tén tai lim @) _ 4 sy tim £

2 g (@) o ge)
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Cong thidc L'Hospital

Chii y 6.1

Céng thic L’'Hospital van ding néu

a) xgrjr:loo flz) = OlcBrinmg(a:) =0, Céng thifc L’Hospital chi 13 diéu kién di.

Vi du (Cubdi ki, 20163). Tinh
b) lim f(x) = to00, lim g(CL') = 400, I au ( uol Ki ) in
T—a T—a

. . lim © + sinx
c) lim f(xz)= oo, lim g(z) = %oo. Jim ————

d) A= +foo.
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Vé cac dang vd dinh 1°,0°, oc”

Chuyén dinh dang

I = lim A(aj)B(m) — eminéo B(z)In A(x) _ 6]
- T—xQ - — .

Néu I c6 dang vé dinh 1°°,0°, 00® thi J & dang 0 X oo.

Vi du 6.4

2 . 1
. . z°—1\z+1 . sinz \ «Z . z2 . tan 2z
Tinh ml;n;o (xz T 1> , limg_so ( p ) , limg 0 (1 — cos x) 7hmm—>g+ (tan z) .
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Vé cac VCL tiéu biéu

Ba VCL tiéu biéu (khi 2 — +00), d6 I3
a) Cac ham sb mii véi co sb 16n hon 1, vi du a® (a > 1),
b) Céc ham sb da thic, cdc ham sb 13 Iy thita chia z, ching han 2", 2%, (a > 0),
c) Cac ham sb logarit véi co s6 16n hon 1, nhu Inz,log, « (a > 1).

Ba ham sb nay tién ra v6 cling khi & — 400 véi tbc dd khac nhau.

Ham sb mii ‘ > ‘ Ham sb da thirc ‘ > | Ham sb logarit

Cu thé, .
lim CL—:—i—oo, lim =+o00, Ya>1,a > 0.
z—+oo T z—+oo log, =
Vi du 6.5
Tinh

. lnx 4 xQOIG + ew
z—+oo log, x + 2017 4 e’
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Mot sb bai tap bé sung

) ) 1 ) lim arctan x
a) Ilggo z—az"In 1+; z=0sinz — x
Inz
11 N lim . mTo
b) il_r)% p <; — cot;v) ) sz# 1+ 2In(sinz)
. sin(sinz) —zv/1 — 2?2 k) lim ST T LRt
c) lim 50 x3
T—0 x5 2
T e ) lim a
) lim n(l+xz)= - @=0 \/T+ zsinx — \/cos
2 In(cos ax)
e lcosaz) b
& lm 2= T ™) A a(cosbay @ 7 00 70
=0 x4
2 x
. 1 1 n) lim <f arctan:c)
f il—% (x sinx) SN
1/z 1/z\ T
tanx — i a’”+b
li bt o) lim < ) ,a,b>0
g) z%(:c—sinx) : roee 2
. 1 1 . 1—+/1+a%coszx
h) lim [ = — p) lim ————————
z=0\x e®—1 20 z(tanz — sinh x)
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Ham s6 don di€éu va cac tinh chat

Dinh nghia 12
Ham sb f(x) xdc dinh trén (a,b) duoc goi 3
a) don diéu ting néu vdi moi x1, s € (a,b),z1 < o thi f(x1) < f(2),
b) don diéu gidm néu véi moi x1,x2 € (a,b),x1 < x2 thi f(z1) > f(zz),
)

(z2)

c) tang ngat néu véi moi x1,x2 € (a,b), x1 < x2 thi f(z1) < f(z2),

d) gidm ngst néu véi moi x1,x2 € (a,b), x1 < x2 thi f(z1) > f(x2).
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Ham s6 don di€éu va cac tinh chat

Dinh ly 6.3

Cho ham sé f(x) xdc dinh va c6 dao ham trong khodng (a,b). Khi dé, néu f'(z) > 0 Va € (a,b) thi f(x) don
diéu ting trén (a,b).

Cha y 6.2
a) Trong Dinh Iy trén ta da gi3 thiét f(@) 1a ham s6 c6 dao ham trong khoang (a, b). Tuy nhién, trong thuc
té, mét ham s6 don diéu khéng nhat thiét phai cé dao ham. Tham chi, né cé thé con khéng lién tuc.
b) Xét tinh don diéu ctia ham sb f(z) = % Khi xét tinh don diéu cda ham sb, ngudi ta chi xét tai nhiing
khodng (doan) ma ham sb dé dugc xac dinh.

A A ? 7 /\7 7z 7z '/\7 .z -
¢) Ham s6 don diéu chi cé thé cé cic diém gidn doan loai |I.
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Ham 16i

Dinh nghia 13
Ham sb f(x) xdc dinh trong khodng I duoc goi I3 16i néu

fltzr+ (1 —t)z2) < tf(x1)+ (1 —t)f(x2), Vai,z2 €1 vaVvte|o,1].

L

£ {m) + (1 - 0)f (=2

1%

Flen + 01 - thes)

2z (- =
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Dinh Iy 6.4

Cho ham sb f(x) xédc dinh, lién tuc trong khodng I va cé dao ham dén cdp hai trong I. Khi d6, néu f"(z) > 0
trong I thi f 13 ham sb 16i trong I.

Chiay 6.3

Ham sb f duoc goi 13 16m trén khodng I néu —f 13 ham sb 16i trén khodng dé.
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BDT ham 16i

Dinh Iy 6.5 (B4t dang thitc Jensen)

Cho f 13 ham 16i trén (a,b), 1,2, ..., Tn € (a,b) vd A1, Xa,..., \n € [0,1],

M:

Ai = 1. Khi dé

i=1

f(ikzl’z) i A f ().

Hé qua 1 (BDT Cauchy (BDT trung binh))

Ap dung BDT Jensen vdi f(z) = —Inz ta duoc:

1 n n 1/n
nZan(Hal) Val,az,...,an>0.
=1 =1
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Cuc tri ciia ham so

Dinh nghia 14

Cho ham sé f(x) lién tuc trén (a,b), ta néi ham s& dat cuc tri tai diém zo € (a,b) néu tén tai mét Ian can cia

xo, U(xo) C (a,b) sao cho f(x) — f(xo) khéng d6i dbu vz € U(zo) \ {20}
a) Néu f(x) — f(xzo) > 0 thi ta n6i ham sb dat cuc tiéu tai xo.

b) Néu f(x) — f(x0) < O thi ta néi ham sb dat cuc dai tai xo.

Dinh ly 6.6 (Dinh ly Fermat )

Cho f(z) lién tuc trén khodng (a,b), néu ham sb dat cuc tri tai diém xo € (a,b) va c6 dao ham tai xo thi

£ (z0) = 0.
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Cuc tri cia ham s6 mot bién so

Dinh ly 6.7 (Diéu kién di cta cuc tri)

Gi3 thiét ham sb f(x) kh3 vi trong khodng (a,b) \ {z0}, & d6 xo € (a,b) 13 mét diém tdi han (dao ham bing 0
hodc khéng xdc dinh).

a) Néu khi di qua zo ma f (z) déi diu tir duong sang 3m thi f(z) dat cuc dai tai xo.

b) Néu khi di qua zo ma f (x) déi diu tir 4m sang duong thi f(z) dat cuc tiéu tai xo.

Vi du 6.6

Tim cdc cuc tri cia ham sb

2x 3/ 5
a = — 7. b =x—3 x2.
) Y 2+ 2 ) & -
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Cuc tri cia ham s6 mot bién so

Dinh ly 6.8
Gi3 thiét ham sb f(x) c6 dao ham dén cAp hai lién tuc 6 Ian cén ciia diém o va f (x0) = 0. Khi dé
a) Néu f"(x0) > 0 thi f(z) dat cuc tiéu tai xo.

b) Néu f"(x0) <0 thi f(x) dat cuc dai tai zo.

Vi du 6.7 (Giifa ki, K61)

% .o s % sin x ,
Tim cdc cuc tri cda ham s6 y = —————— trong khodng (0, 27).
2+ cosx
w
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Cuc tri cia ham s6 mot bién so

Dinh Iy 6.9
Gi3 thiét ham sb f(z) cé dao ham lién tuc dén c3p n tai l3n can cda diém zo va

F(@o) = f"(xo) = -+~ = F(zo) = 0, ™ (wa) # 0.
Khi dé

a) Néu n chin thi f(zo) dat cuc tri tai o va dat cuc tidu néu f(")(a:o) > 0, dat cuc dai néu f(")(a:o) <0
b) Néun Ié thi f(z) khéng dat cuc tri tai xo.

Vi du 6.8
Tim cuc tri cia ham sé y = sin®z, y =sinz.
y
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Phuong phap Newton

Phuong phap ndy c6 thé dugc sir dung tim nghiém clia phuong trinh f(z) = 0 khi ham f théa min mét sb gia

thiét sau:
(i) f(x) lién tuc trén doan [a, b];

(i) f(a)f(b) <0;

(iii) f'(z), f"(x) khéng d&i diu trén (a,b).

Céng thiic tim nghiém gin ding cta phuong trinh f(x) = 0 nhu sau.

xy, Fix)) [

y=fn /'
I/ |

/

Chon mét xap xi 1,
Viét PTTT tai diém (z1, f(z1)),
Tim giao diém clia TT véi Oz.
f(z1)
[ (1)
e

f'(n)

T2 = T1 —

T+l = Tn

Vi du: B3t diu véi z1 = 2, tim x8p xi thd ba, 3, cla nghiém clia phuong trinh 2 — 22 — 5 = 0.
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NoGi dung

a Céc lugc d6 khao sat ham sb
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Khao sat va vé do thi ctia ham sb6 y = ()

a)
b)
<)
d)
e)
f)
g)

Vi du 7.1 (Cubi ki, K59)

a a > A PRV A 1
Tim tiém cdn cda dé thi ham s6 y = ze= + 1.

Tim TXD clia ham s, nhan xét tinh ch3n, 1&, tun hoan clia ham s (néu c6).

X4c dinh chiéu bién thién: tim cic khodng ting, gidm cha ham sb.

Tim cuc tri (néu o).

Xét tinh 18i, 16m (nu can thiét), diém ubn (néu co).

Tim céc tiém cin clia ham sb (néu cé).

Lap bang bién thién.

Tim mdt sb diém dic biét ma ham sb di qua (vi du nhu giao diém véi céc truc toa do, cer) VA V8 dd thi
clia ham sb.

Vi du 7.2 (Giita ki, K61)

Tim cdc cuc tri ctia ham s6 y =

% trong khoang (0, 2m).

V.
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Vé dudng cong cho dudi dang tham sb

. =x(t
Khdo sat va vé dudng cong cho dudi dang tham s6 {m $((t))
y=y

Chiéu bién thién - Tinh 15i 16m

a) Khao sét su bién thién ciia z,y theo ¢ bing cach xét diu z'(t), 9/ (t).
b) Khao sat su bién thién clia y theo x:
i _ v
de  x
Day ciing chinh 13 hé sb géc clia tiép tuyén.

A |~ N <R A A A ‘A
c) Tinh 16i Idm va diém udn (néu can thiét):

dz? dx P

/
2 d (lﬁ) 9 W)
d’y Te) _ Yit Ty — Yple
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Dudng cong cho dudi dang tham sb

Tiém can
lim z(t) = zo
a) TCD: Néu Hlf°<°°> .
oy Y0) = 20
lim z(t) = o0
b) TCN: Néu Hl’f“‘x’) ,
i =2
lim y(t) = o0
c) TCX: Néy { 'tole)
lim z(t) = oo
t—rtg(o0)

thi z = o 1a mét TCD.

thi y = yo la mét TCN.

a= lim M,
va t—rto(o0) Z(t) thi y = az + b 13 mét TCX.
b= lm [y(t) — az(t)]
t—tp(00)

Vi du 7.3 (Giira ki, K61)

Tim céc tiém can clia dudng cong cho béi x =

2016t 2016t
- 1-p
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Veé duong cong trong hé toa do cuc

Trong mat ph?ng, chon mét diém O cb dinﬁm géc cuc &)mét tia Oz 13 truc cuc. Vi tri cha mdi diém M
trong mit phing dugc xac dinh bdi véc to OM. Goi r = |OM| > 0 13 ban kinh cuc va géc

v = (0z,0M) € [0,27) la gbc cuc. Cip sb (r, ¢) dugc goi la toa dé cuc cla diém M. )

Toa d6 cuc suy réng: Ta md rdng toa dé cuc cho trudng hop » € R, o € R. Véi ¢ € R thi ta hiéu day 13 géc
lugng gidc, con néu r < 0 thi ta xac dinh diém M(r, @) trung diém M (—r, ¢ + 7).

Vv

Trong hé truc toa dé D& cac vudng gbc ta I:,?ly truc hoanh lam truc cuc. Khi dé mét diém M trong mat phzfmg
s& c6 toa d6 Dé cic M (z,y) va toa dd cuc M (r, ). Cong thic lién hé giita hai toa dd la:

{xzrcosgo {r—\/:v2+y2

y=rsinp tancp:%, (z #0).
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Veé duong cong trong hé toa do cuc

Vidu7.4

Khdo sét va vé dudng cong r = a (1 + cosp) (a > 0), (dusng Cardioid hay dudng hinh tim)

Vién Toan ting dung va Tin hoc (HUST)

2a

~
_/

CHUONG 1

r=a+bcosyp

Ngay 1 thang 8 nam 2023

82/82



	Hàm s
	Các khái nim c ban v hàm s
	Các hàm s s cp c ban
	Dãy s

	Gii han cua hàm s
	Vô cùng ln - Vô cùng bé
	Hàm s liên tuc
	Ðao hàm và vi phân
	Các inh lý v hàm kha vi và ng dung
	Các công thc khai trin Taylor, Maclaurin
	Quy tc L’Hospital
	Hàm s n iu và các tính cht
	BÐT hàm li

	Các lc  khao sát hàm s

