Dai hoc Bach Khoa Ha No6i

Vién Toan ing dung va Tin hoc

BAI TAP THAM KHAO GIAI TICH I

Nhoém nganh 1

Chuong 1

Ma s6: MI 1111

Phép tinh vi phan ham mot bién sb

1.1-1.4. Day s6, ham sb

Bai 1. Tim tap xac dinh ctia cdc ham s6

a) y=+/2arccotr —

2
+x

b) y = arcsin .
Bai 2. Chitng minh céc dang thic sau

a) sinh(—z) = —sinha

b) sinh(z+y) = sinh x cosh y 4 cosh  sinh y

c¢) cosh(x+y) = cosh z cosh y+sinh z sinh y
Bai 3. Tim mién gi tri ctia cac ham s

a) y=log (1l —2cosz)

T
b) y = arcsin (log - )
) y = arcsin ( log 10

NG

sin rx

¢) y=

d) y = arccos (sin x)

d) sinh 2z = 2sinh x coshx
e) cosh®z —sinh®z = 1

f) cosh 2z = cosh?z 4 sinh® 2z

c) y = arccot(sin x)

d) y = arctan(e”)
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Bai 4. Tim f(z) biét

Bai 5. Tim ham ngugc clia cac ham s

11—z

a) y = 2arcsinz —
1+

b) y
Bai 6. Xét tinh chén 1é ctia cac ham sb

a) f(z)=a"+a", (a>0)

b) f(z) =In(z + v1+ 2?)

¢) f(x) =sinz + cosx

d) f(z) = arcsin(tan )

Bai 7. CMR bat ky ham s6 f(z) ndo xac dinh trong mot khoang d6i xiing (—a,a), (a > 0)

ciing déu biéu dién duge duy nhat dudi dang tong clia mot ham s6 chin v6i mot ham s6 18.

Bai 8. Cho f(z) va g(x) la hai ham s6 x4c dinh trén khoang ddi xting (—a, a), (a > 0). CMR:

a) Néu f(x) va g(z) 1a ham chén thi tong va tich clia chiing 1a ham chin.

b) Néu f(z) va g(z) 1a ham 1 thi tong ctia ching 14 ham 18 va tich ciia ching 14 ham chén.

c) Néu f(z) 1a ham 1é va g(x) 1a ham ch&n thi tich ctia ching 13 ham 1é.

Bai 9. Xét tinh tuan hoan va tim chu ky ctia cac ham s6 sau (néu co)

a) f(zr) = AcosA\x + Bsin Az

b) f(z) = sin(a?)

1 1
¢) f(x) =sinz+ isin2x+ gsin?)x

d) f(z) = cos’x

Bai 10. Tim gidi han clia cic diy s6 (néu hoi tu) véi s6 hang tong quat x,, nhu sau

a) T, =n—+vVn?>—n

Loy v
" (n—=1)n

b) z, =
1.2 23

sin?n — cos®n
c) x, =
n
q) 1, = Vncosn
n+1

Bai 11. Xét sy hoi tu va tim gidi han (néu c6) clia cac day véi s6 hang tong quat x,, nhu sau

a) T, = Vn?+2

1
b) Tpn =3 (xn—l +

L >0
X
9 T 1 y 40
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1.5-1.6. Giéi han ham sé

Bai 12. Tim cac giéi han

1 1 kY — v
a) lim (—\/1+x—§) d) lim Vitax \/1+6x’ (m,n € N*)

x—0 \ —0 X

b) lim (Va3 +2%>—1-1x) e) lim z(Va?+2z—2Va? + 1+ 2)

T—+00 T—r+00

10— 27 +1 vi4+dr -1
¢) lim " — f) lim ——————
i1 290 — 97 + 1 20 In(1 + 3sinx)

Bai 13. Tim céc gidi han

In(z + arccos® x) — Inx . \/cosx — /cosx

a) a:li%h 2 ) }:E% sin?
1 — cosx cos 2x cos 3z
b) i i 1 —si d) li
) Jim (sinvz + 1 —sin/z) ) lim [ oosa

Bai 14. Tim cac giéi han

x—1 x
0 i (579) ) Jim \sin g peosy
: 1 3 J cot Tz
b) JESJCOS E e) iLII%(l + sin7x)
c) lim n?(Yx — "Vx),r > 0. f) lir% [In(e + QI)]TL@
n—oo T—>

Bai 15. So sanh cac cap VCB sau

a) a(z) = \/z + x va B(z) = e™* — cosz, khi z — 0F

b) a(z) = Jx — /x va B(x) = cosx — 1, khi x — 0T

c) a(xr) =23 +sin®z va B(r) = In (1 + 2arctan(z?)), khi z — 0
1.7. Ham sb lién tuc

Bai 16. Tim a dé ham s6 lién tuc tai x = 0

- ) )
—czoszv’ néu z # 0, ar?® +br + 1, neu r > 0,
W) f@)={ ° PR

a, néu x = 0. acosx + bsinz, néux < 0.
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Bai 17. Ham f(z) sau lién tuc tai nhiing gia tri x nao?

0, néu z hitu ti, 0, néu z hitu ti,
a) f(x)= b) f(z) =

1, néu x vo ti. z, néu z vo ti.

N « 2 N 2 .z . N 3 2 N A
Bai 18. Diem z = 0 la diem gian doan loai gi ctia cac ham so

a) y= 8 ) sin%
o _ cotx C y:
1 — 20t er +1
1 ) eax_ebaz
b) y = —arcsinx d) y=— (a #b)
x x

Bai 19. Cac ham s6 sau day c6 lien tuc déu trén mién da cho khong?

T 1<a< b) y=lnz;0<z <1
4 — 22 -

a) y =
1.8. PDao ham va vi phan

Bai 20. Tim dao ham ctia ham sé

1—ux, néu x < 1,
f#)=9 (1-2)2—-x), néul<z<2

T — 2, néu x > 2.

. d
Bai 21. Tim f'(z) biét d—[f(2017x)] =72

T

Bai 22. Véi diéu kién nao thi ham s6

2"sin —, mnéu x # 0,
flz) = T (n€2)
0, néux =0
a) lien tuc tai z =0 ¢) ¢6 dao ham lién tuc tai x = 0.

b) khé vi tai z =0

Bai 23. Ching minh rang ham s6 f(z) = |z — a|¢(z), trong d6 ¢(z) 13 mot ham sb lien tuc

va p(a) # 0, khong kha vi tai diém x = a.
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Bai 24. Tim vi phan ctia cac ham s

1 T 1 T —a
a) y = —arctan—, (a # 0 —
)y B a( # 0) c)y 2aln x_i_a,(a;éO)
. T
b) y = arcsin ., (a £ 0) Q) y— o+ vaT Tl
Bai 25. Tim
d (sinz d(sinz) d 5 6 9

— | — b — 2% — 27).

2) d(2?) ( x > ) d(cosx) ) d(x?) (z ¥ =)

Bai 26. Tinh gan ding gia tri ctia cac bicu thic

a) /7,97 b) ¢ 2—-0,02 c) /3e004 1,022
240,02

Bai 27. Néu C(x) 1a chi phi sdn xuat ciia  don vi mot mit hang ndo d6. Khi d6 chi phi bien

1a C'(z) cho biét chi phi phai bd ra khi muén tang san lugng them mot don vi. Cho ham
C(z) = 2000 + 3z + 0, 01z* + 0,0002z°.

Tim ham chi phi bién, x4c dinh chi phi bién tai x = 100, gia tri d6 néi len dieu gi?

Bai 28. Tim dao ham cap cao clia cic ham s6

2

x
= tinh v®
A) y = tinh y

d) y = z%sinx, tinh y©°

1+z = %, tinh y(19(0
b) y — tinh (100 e) y=-¢e"", tinh y'9(0)
) v = =y by
¢) y = In(2z — 2?), tinh y® f) y = 2In(1 + 22), tinh y(9(0)

Bai 29. Tinh dao ham cap n clia cac ham s6

a) y:xe—l ¢) y= 31x+$ e) y = sin®x + cos*x
b)y:; d N % b f _ .on—1,1
22 — 37+ 2 ) y = e sin(bx + ¢) ) y=a""lex

Bai 30. Tim vi phan cap cao ciia ham sb
a) y= (2z + 1)sinz. Tinh d'%(0) ¢) y = 2%Inx. Tinh d"(1)

b) y = e®cosz. Tinh d*°y(0) d) y = z%e. Tinh d*%y(0)
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Bai 31. Trong mot ho nuodi c4, ca trong ho lién tuc duge sinh ra va khai thac. S6 luong ca

trong ho P dugc mo ta bdi phuong trinh:

Pt

P'(t) = ro (1 -5

) P(t) - BP(1)

V6i 1o 1a ti 1é sinh san, P. 1a s6 lugng ca 16n nhat ho c¢6 thé duy tri, B 1a ti lé khai thac. Cho

P. = 10000, ti l¢ sinh san va ti lé khai thac tuong tng 1a 5% va 4%. Tim s6 luong ca 6n dinh.
1.9. Cac dinh ly vé ham kha vi va tng dung
Bai 32. Chiing minh rang Va, b, ¢ € R, phuong trinh
acosx + bcos2x 4 ccos3x =0
c6 nghiém trong khoang (0, 7).

Bai 33. Chting minh rang phuong trinh 2" + pz + ¢ = 0 véi n nguyén duong, n > 2, khong

thé c¢6 qua 2 nghiém thye néu n chin, khong c¢6 qua 3 nghiem thyc néu n 1é.

Bai 34. Cho ba s6 thuc a,b,c¢ théa man a + b + ¢ = 0. Chting minh réng phuong trinh
8ax” + 3bz? + ¢ = 0 c6 it nhat mot nghiem trong khoang (0, 1).

b _ /!
Bai 35. Giai thich tai sao cong thiic Cauchy dang J(b) = J(a) = f/(c) khong ap dung dugc
9(b) = gla)  g'(c)
doi v6i cac ham s6 f(z) = 2%, g(z)=2%, —-1<ax<1.
Bai 36. Chitng minh céc bat ding thiic
a) |sinx —siny| < |z — y b—a b—a
- c) < arctanb — arctana < ——,
" " 1+ 052 1+a?
b)a_ <m?<2o<b<a 0<a<bd

a b b

Bai 37. Ton tai hay khong ham s6 f(z) sao cho f(0) = —1, f(2) =4 va f'(z) < 2 v6i moi x?

Bai 38. Tim cac gi6i han

a) lim ( x+\/m_\/5> Q) i €300 =20+ )

r—+00 r—0 {L‘3
1 e) lim tan e In(2 — )
. z z—1 2
b) lim - —
a—»1\x—1 Inzx 1
f) lim (1 — atan?®z)=sin=
L z—0
. er —cost
c) h_)rn ——— ) tan S
T—00 1 - &
l-yl-m & (1l — )



Dai hoc Bach Khoa Ha Noi Vién Toan ting dung va Tin hoc

. tanx . . T tan &
h) ilir(l)(l—COS[B) j) Il_l}I_{loo (3 4 3°)™" =
D) lim (22 +2°)"

T—r—00

Bai 39. Xac dinh a,b sao cho biéu thiic sau day c6 giéi han hitu han khi 2 — 0

Bai 40. Cho f la mot ham s6 thuc kha vi trén [a, b] vA ¢6 dao ham f”(z) trén (a,b). Ching
minh ring véi moi z € (a,b) c6 thé tim duge it nhat mot diém ¢ € (a,b) sao cho

f(b)—f(a)(x_a):(a:—a)(:v—b)
b—a 2

f(x) = f(a) - f(e).
Bai 41. Ding phuong phap Newton, tinh v/2 ding dén 8 chit s6 thap phan sau dau phay.

Bai 42. Giai thich tai sao phuong phap Newton khong ap dung truec tiép duge dé giai phuong

trinh 23 — 22 + 2 = 0 v6i xap xi dau 29 = 1.

Bai 43. Khao sat tinh don diéu ctia cac ham s6é

a) y=at— 223 +2x -1
b) y = 3arctanz — In(1 + 2?)
Bai 44. Chitng minh céac bat déng thic

a) 2xarctanx > In (1 + 2?) v6i moi z € R

2

b) x—%gln(l—i—w)ngéimoixzo

Bai 45. Tim cuc tri clia cac ham s6

) 32+ 4+ 4
a = —
Y 224+x+1

b) y=2—1In(1+x)

¢) y=x+ |sin2x|, z € [0, 7]

x? 7t T
c) cosz < 2+24,V:L‘€ 0,2

0) y= /I —a)(—27

d) y:x§+(x—2)§

Bai 46. Cho f(z) Ia ham 16i trén doan [a, ], chiing minh rang Ve € (a, b) ta c6

fle) — f(a)

Bai 47. Chitng minh cac bat ding thiic sau

t t

2) tanaH—y < anx + any’\v,x’yE (
2 2

r+y

b) zlnz+ylny > (z+y)In 5

_ 0= fla) _

c—a - b—a

0=

Ve, y >0

f(b) = f(c)
- b—c
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1.10. Khao sat ham s6, dudng cong

Bai 48. Tim tiém can cua cac dudng cong sau

a)y:ﬁ’/l—i—xi’* I:2t—t2 ) =1
d) 20162 e
b) y=In(l+e ) y = 5 y=t+ 2arctant
) x3 arccot x
C e —
Y 1+ 22

Bai 49. Khéo sat cac ham sb, dudng cong sau

a) y=ex* - 2t
e) 1 —¢2
t2
YT
b) y=vad—22—z+1
f){thtQ
x3 3
c)y oS
g) r=a+bcosp, (0 <a<b)
d B xr— 2
) NS h) r=asin3p, (a > 0).



Chuong 2

Phép tinh tich phan ham mot bién sb

2.1 Tich phan bat dinh

Bai 50. Tinh cac tich phan

a) [ e % sin 2zda (22 + 2)dx ; dz
¢) f 3+ 1 i) szinx—élcosx
3 —2x)dx
2)1 o 8 2r)dr
b) [(z+2)Inzdx f cix : DS —
(x+a) (z+0b) '
dz
2 _
¢) Jla* = 3z +2|du g) [ sinbx cos 3zdx k) J 1+ V2 +4z +5
a0 [ xdx Y [ (x 4+ 1)dz
(x+2)(z+5) h) [ tan® zdr Va2 =2z —1
Bai 51. Tinh céac tich phan
a) | atdr d) [sin"'asin(n + 1)zdz,n € N*
xt0—1
b) [av—a?+ 3w — 2dx e) [e 2" cos3zdx
dz
) J (2 + 22+ 5)° f) [arcsin® zdx
Bai 52. Lap cong thitc truy hoi tinh I,,, n € N
a) I, = [a"e"dx b) I, = [sin" zdzx ) I, = [ dx
" cos" x
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2.2 Tich phan xac dinh

Bai 53. Tinh cac dao ham

d 2 d 2 d z dt
—f et dt —f et dt =
dx T d T C) dil?mjg‘\/]_—l—t‘l

Bai 54. Dung dinh nghia va cach tinh tich phan xac dinh, tim cac giéi han

) i ! + ! + ! + + ! (a, B> 0)
a) lim |— o
n—oo [N na+ B no+ 28 na+(n—13]"""

.1 1 2 n
b) lim — T+ =441+t J1+—
n—oo N n n n

Bai 55. Tinh cac gi6i han

sinx T " 2
f Vtantdt [ (arctant)®dt <f etht>

a) lim o——— b) lim 2

m c) lim
+ tanz T—+00 2 1 - 0 T
. f Vsin tdt v o [ e dt
0
Bai 56. Tinh cac tich phan sau
r L sin®rcosx
a) [ |lnz|(x+1)dx d) [—————dz
1/e o (1+ tan?z)
e 3 i
b) [(x Inz)? e) [arcsin dx
1 0 1+
3m/2 dx w/2
¢) [ ——— ) | cos"z cosnxdx,n € N*
0 2+cosw 0
Bai 57. Ching minh ring néu f(z) lien tuc trén [0, 1] thi
w/2 w/2 n . o .
a) [ f(sinz)dzr = [ f(cosz)dx b) Ofxf(smx)dx = Ofif(smx)df’?
0 0
Ap dung tinh cac tich phan sau
1. }M 5 ™2 Vsinazdr

2 -
o L+costx 0 Vsinx + 4/cosT

Bai 58. Cho f(z), g(x) 1a hai ham s6 kha tich trén [a, b]. Chitng minh bat dang thic (v6i a < b)

/b f@)g()de | < / s | | [ s

(Bat dang thitc Cauchy-Schwartz)

10
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2.3 Tich phan suy rong

Bai 59. Xét su hoi tu va tinh (trong trudng hgp hoi tu) céc tich phan sau

0 1 d$ +o0o dl’
a) 7{0 retdr c) gﬂ—x“ = e) of 23053
too dx too (x toog? 41
b —_— d f d
>_£o (x2+1)2 ) ! rlnx ) Ofx4+1 v

Bai 60. Xét sir hoi tu ctia cac tich phan sau

1 dx T2y —sinx
d - h — dx
) Of ) { \/ﬁ

ten(1+x)dx

a) [

1 72

1
e —_—
too  dx ) { V1—at . T>®arctan zdx

b) 1f\/x+x3 dx b of Vi

sin T
oo xdx e In(1 + 3z) T g8in 2
—Fd j d
© Qf In® 2 &) Of vz ) { z
B +oo “+o0o
Bai61. Néu [ f(z)dz hoi tu thi co suy ra duge hIJP f(z) = 0khong? Xét vidu [ sin (2?) du.
0 T—>+00 0

+o0o
Bai 62. Cho ham f(z) lién tuc trén [a, +00) va lim f(z) = A # 0. Tich phan [ f(z)dz ¢6

T—r—400

hoi tu khong?

2.4 Ung dung cta tich phan xac dinh
Bai 63. Tinh dién tich hinh phéng giéi han béi

a) Parabol y = 2% + 4 v dudng théng x —y +4 =0

b) Duong cong y = 2*® va cac duong y = x,y = 4z, (z > 0)

c¢) Duong tron x? + y? = 2z va parabol y? = z, (y* < )

d) Duong y? = 2* — 2*

Bai 64. Tinh thé tich ctia vat thé 1a phan chung ctia hai hinh tru 22 +y? < a® va y? + 22 < a2,
(a>0).

Bai 65. Tinh thé tich vat thé gi6i han bdi mit cong z = 4 — y%, cac mit phéng toa do
z=0,z=0 va mit phang z = a (a # 0).

11
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Bai 66. Tinh thé tich khéi tron xoay tao nén khi quay hinh giéi han béi cac duong vy = 2z — 22

vay =20
a) quanh truc Oz mot vong b) quanh truc Oy mot vong
Bai 67. Tinh do dai duong cong

€ '%1 khi 2 bién thien tir 1 dén 2

=1
a) y=In——

t
x:a(cost—l—lntan—) . T
b) 2/ khi t bién thien tit — dén

3 , (a>0)

bo |

Yy =asint
Bai 68. Tinh dién tich mat tron xoay tao nén khi quay cac duong sau

7r
a) y=sinz,0 <z < 5 quay quanh truc Oz

1
b) y= §(1 —2)*,0 <z <1 quay quanh truc Oz

12



Chuong 3
Ham s6 nhiéu bién so

3.1 Cac khai niém co ban
Bai 69. Tim mien xac dinh ciia cac ham s6 sau

1 Cy—1
a) 2 = —————— c) z = arcsin

Vaz+y? -1 .
b) z=/(22+y?—1) (4 — a2 —y?) d) 2= Vasiny

Bai 70. Tim cac gidi han (néu c6) clia cdc ham s6 sau

) fy) = g (0= 0y 0)
) fle.0) = L (@ ey - o0)
O fla) = I Ly
d) f(z,y) = ! _CZ§ n §Z+y2, (x =0,y —0)
o) fla) = I @00
0 7w = 5L (o 0.y 0)
Bai 71. Tinh céac gidi han
A 91513%)11,13(1) a?+y?” b) i%ilj}})xfﬁ c) (x,yl)iiEO,O)IQxTyQ

13
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3.2 Dao ham riéng va vi phan

Bai 72. Tinh cac dao ham riéng ciia cac ham sb sau

a) z:1n<x—|— x2—|—y2> z? — y? e) u=2a",(x,y,z>0)
¢) z=arctan | —5—-
ety
b) — 22 z 3 1
~=Y Smy d) z=2a"",(x > 0) f) u= e+,

Bai 73. Khéo sat sy lien tuc clia ham s6 va sy ton tai cic dao ham riéng clia né6

( Y 2 .
x arctan (—) , neux # 0,
a) flz,y) = o
| 0, néu x = 0.
((xsiny —ysinx )
e e (z,y) # (0;0),
b) f(z,y) = 4
L0, neu (z,y) = (0;0).

Bai 74. Gia stt z = yf(2* — y?), 6 day f 1a ham s6 kha vi. Chiing minh ring

1 1

/ / <
—Ze t =2y = —.
x Y

Y

Bai 75. Tim dao ham riéng cac ham s6 hop sau day
a) z=e""2" y=cosx,v=/12+ 1>
2 4 .2 x
b) z =1In(u*+v*),u=zy,v=—
Yy
¢) z = arcsin (z —y) ,x = 3t,y = 4¢3

thé _ tri t N 36 82(0 82(JJ

Bai 77. Tim vi phan toan phan clia cac ham sb

Tty
c) z = arctan
r—Yy

a) z = sin(x? + y?)

z = Intan y d) u= oV
x

b)

Bai 78. Ung dung vi phan, tinh gan ding

a) A= {/(1.02)° + (0,05)?

b) B =1In (/1,03 + /0,98 — 1)
14

c) C= \/(2, 02)* 4 €0.03

d) D = (1,02)-0
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Bai 79. Cho z = f(x,y) la ham s6 4n xac dinh béi phuong trinh z — yez = 0. Ung dung vi
phan, tinh gan dang f(0,99;0,02).

Bai 80. Tim dao ham, dao ham riéng ciia cac ham s6 an xac dinh béi cac phuong trinh sau

a) 2%y —y’x =a*, tinh y c) arctan Ty _ g, tinh o/
a a
b) z+y+z=¢* tinh 2/ 2/ d) 23 +y*+ 23 —32y2z =0, tinh z/, 2,/

Bai 81. Cho ham sb an z = z(z,y) xac dinh bdi phuong trinh 2%y + 4y% + 2%z + 2* = 3. Tinh

0z 0z
—(0:1), —(0; 1).
S0, 501
N . x + z z < L > N N 4 R 2 2 . .
Bai 82. Cho u = e tinh u,’,u,” biét rang 2z la ham so an cla z,y xac dinh bdi phuong
Y+ 2z

trinh ze* = xe® + yev.
Bai 83. Tim dao ham clia ham s6 an y(), z(z) xac dinh bdi hé

r+y+z2=0
Ay =1
2 ) N
Bai 84. Phuong trinh 22 + = = /y% — 22, x4c dinh ham an z = 2(z, y). Chiing minh ring
T
1 1

2’z + -z =~
y z

Bai 85. Tinh cac dao ham riéng cap hai ctia ham s sau

1 - y
= 2 /(2 42 — arctan 2
a)z_g (22 +42) c) z arctan
b) z=2*In(z +y) d) z = sin(a® + y?)

Bai 86. Tinh vi phan cap hai ctia ham sb sau:
a) z=ayd — 2’y b) z = e**(z + y?) c) z=1In(z® + y?)

Bai 87. a) Khai trién ham s6 f(z,y) = 2® + 3y? — 2wy + 62 + 2y — 4 thanh chudi Taylor &

lan can diém (—2,1).

b) Khai trién Maclaurin ham s6 f(z,y) = e siny dén bac 3.
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3.3 Cuc tri cia ham s6 nhiéu bién sb
Bai 88. Tim cuc tri clia cac ham sb sau
a) z =423 + 62% — 4oy — y* — 8v + 2
b) z =2z% + 3y — e~ @ +y?)
c) z=dxy — zt — 2y?
Bai 89. Tim cuc tri c6 dieu kién
a) z = xy voi dieu kien x +y =1
b) z = 2% + y? véi diéu kien 3z — 4y =5
1 1 1

. 1
¢) z=—+ — v6i dieu kien — + — = —
) Ty Toa? o yr o a?

Bai 90. Tim mot diéem thuoc elip 422 + y? = 4 sao cho n6 xa diém A(1;0) nhat.
Bai 91. Tinh gi4 tri 16n nhat va bé nhat ctia cdc ham sb
a) z = 22+ y? + 2y — Tz — Sy trong hinh tam gidc gidi han bdi cic dudng thing z = 0,
y=0,var+y==6

2 2
b) z = 42% — 9y? trong mién gidi han bdi duong elip Ty yz =1
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