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3.3. HIEP PHUONG SAI VA HE SO TUGNG QUAN 1

sam

© 3.3.1 Higp phuong sai
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Hiép phuaong sai el

SAMI
Dinh nghia 9

Cho hai bién ngdu nhién X va Y c¢6 E(X) va E(Y). Hiép phuong sai ctia hai bién ngdu nhién X va Y, ky
hiéu 1& cov(X,Y), dugc dinh nghia bdi

Cov(X,Y) = B{[X — E(X)][Y — E(Y)]}. (25)

# Tir (25) va sir dung tinh cht ciia ky vong,

Cov(X,Y) = E(XY) — B(X)E(Y) — E(Y)E(X) + E(X)E(Y)
= E(XY) — E(X)E(Y).

Ta nhan dugc mot cdng thic khac dé xac dinh higp phucng sai, tuong duong véi céng thic (25).

Dinh Iy 12

Cov(X,Y) = E(XY) — E(X)E(Y). (26)
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Hiép phuong sai 1

sam

# Hiép phuong sai dudc dung 1am dé do quan hé giifa hai bién X va Y.

(a) Cov(X,Y) > 0 cho thiy xu thé Y ting khi X ting.

(b) Cov(X,Y) < 0 cho thdy xu th& Y gidm khi X ting.

(c) Phuong sai la trudng hop riéng cta hiép phuong sai khi X =Y va V(X) = Cov(X, X).
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Hiép phuong sai 1

sam

Vi du 19

Bién ngdu nhien X va Y trong Vi du 3 c6 hiép phuong sai am hay duong? J

Gidi. Khi sb san pham loai | ting 1&n thi sb san pham loai Il gidam xubng. Do dé, X v Y c6 hiép phuong sai 4m.
Diéu nay cé thé dugc xac minh bing viéc tinh Cov(X,Y) trong Vi du 3.

Vién Toan ting dung va Tin hoc (HUST) MI2020-CHUONG 3 — MUC 3.3

SAMI.HUST - 2023 5/24



Hiép phuong sai 1

sam

Tinh chit 4

(a) Cov(X,Y) = Cov(Y, X).
(b) Néu X,Y doc lap thi Cov(Y, X) = 0, didu ngudc lai chua chic da ding.

(c) Cov(aX,Y)=aCov(X,Y) véi a 14 hiang sb.
(d) Cov(X +Z,Y) =Cov(X,Y)+ Cov(Z,Y).

M rong, Cov (>0, Xi,Y) = >0, Cov(X,,Y).
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Hiép phuong sai 1

sam

Vi du 20

Hai bién ngau nhién rdi rac X vd Y c6 bang phan phdi xac sudt dong thai 1a

Y
X =1 0 1
-1 415 | /15 | 4/15
0 /15 | 2/15 | 1/15
1 0 [215] 0

(a) Tim Cov(X,Y).
(b) X va Y c6 doc lap khong?
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l

Hiép phuadng sai La
Giai.
(a) Tacd
9 2 7
E(X)= (- 1>X;T5+0Xﬁ+lxﬁ ~15
EY)=(- 1)><1%-i-0><ﬁ+1><135 0.
B(XY) = (~1) x (1)><—+( 1) x (1)x1i5+1x( 1)x0+1x1x0=0.

Suy ra Cov(X,Y) = E(XY) — E(X)E(Y) = 0.
(b) D&thdy P(X = —1,Y = —1) # P(X = —1)P(Y = —1) nén X,Y khéng dbc lap.
Trong Vi du 20, Cov(X,Y) = 0 nhung hai bién nglu nhién X va Y khéng déc lap.
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Hiép phuong sai 1

sami
#v Xay dung cdng thic tinh phuong sai tir hiép phuong sai
@ S dung dinh nghia phuong sai,
V(aX +bY +c¢) = E[(aX +bY +¢) — E(aX +bY +¢)]°.
@ St dung tinh chit clia ky vong,
E(aX 4+bY +¢)=aE(X)+bE(Y) +c.

@ Suy ra

V(aX +bY +¢)

E{a[X — E(X)] +blY — E(Y)]}”
= d’E[X — E(X)]> + V’E[Y — E(Y)]? + 2abE{[X — E(X)][Y — E(Y)]}
= d’V(X) 4+ b°V(Y) + 2ab Cov(X,Y).
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Hiép phuong sai 1

S&‘Ml
Dinh Iy 13
Cho (X,Y) la bién ngdu nhién hai chiéu, a, b, c l1a ciac hang s6. Khi d6

V(aX +bY +¢) = a®V(X) + b’V (Y) + 2ab Cov(X,Y). (27)

Hé qua 2
Néu X v Y I3 hai bién ngdu nhién doc lap thi

V(aX 4+ bY) = a®V(X) + b’V (Y).
V(aX —bY) = a®V(X) + bV (Y).
Dic biet,

V(X +Y)=V(X)+ V().
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Ma tran hiép phuong sai

Dinh nghia 10

Ma tran hiép phuong sai ctia bién ngdu nhién hai chiéu (X,Y’) dudc xac dinh béi

Cov(X, Y)} _ [ V(X)
Cov(Y,Y) Cov(X,Y)

_ [Cov(X, X)

= Cov(y, X)

Cov(X,Y)
V(Y)

l

sam

Tinh chit 5

(a) Ma tran higp phuong sai 1a ma tran ddi xing.

(b) Ma tran higp phuong sai 1a ma tran ciia dang toan phuong khong am.
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3.3. HIEP PHUONG SAI VA HE SO TUGNG QUAN 1

sam

o 3.3.2 Hé sb tuang quan
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Hé sb tuong quan

Sé‘Ml
Dinh nghia 11
Hé sb tuong quan ciia hai bién ngdu nhién X va Y, ky hiéu 1 px,y, dudc dinh nghia 13
X, Y X,Y
pxy = Cov(X,Y) _ Cov(X, ) (28)

V(X).V(Y) oxX0Y
Tinh chét 6

—1 S PX,Y S 1. (29)
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Hé sb tudng quan tq

Vi du 21

Cho bién ngiu nhién X c6 phan phdi xac suat

0,2, néuz=1,
0,6, néuz =2
P x — b) b . b)
(@) 0,2, néeux =3,
0, néu trai lai.
Dit Y = 2X + 5. Khi do,
0,2, néuy=71,
0,6, néuy =29,
P = )
v(v) 0,2, néuy =11,
0, néu trai lai.

Phan phéi x4c suat dong thai clia X vad Y duge cho trong Hinh 4. Vi X vA Y ¢6 quan hé tuyén tinh nén
px,y = 1. Viéc kiém tra két qua nay xem nhu bai tap.
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Hé sb tuong quan

¥
11 | * 0.2
9 * 0.6
7 e 0.2
L p=1
¢ 1 2 3 x

Hinh 4: Phan phbi ddng thai trong Vi du 21
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Hé sb tuong quan

Dinh Iy 14

Néu X va Y 1a hai bién ngadu nhién doc lap thi

px,y = 0.

l

sam

(30)

Vi du 22
Cho hai bién ngdu nhién lién tuc c6 ham mat do xac suit dong thai 1a

1
6%y, 0<z<2 0<y<d4,
x,y) =<{ 16 ,
ey (@y) {0, néu trai lai.

Chting minh réng px,y = 0.
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Hé sb tuong quan 1

sam

Gidi. Trudc hét ta tinh

Suy ra o 4 8
COV(X,Y):§—§X§:O
Do dé, PXYy = 0.

# Ta ciing chi ra ring hai bién nglu nhién nay déc 1ap bing cich chira fx .y (z,y) = fx(z)fy (y) véi moi z,y.
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3.3. HIEP PHUONG SAI VA HE SO TUGNG QUAN 1

sam

© Bai tap Muc 3.3
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Bai 26

Bién ngau nhién hai chiéu (X,Y) dugc goi 1a khong tuong quan néu:

A. Cov(X,Y)— E(XY)=0 D.
B. E(XY)-EX)E(Y)=0
C. E(X)E(Y)=0 E.

E(XY)=0

E(X+Y) = E(X) + E(Y)

l

sam

Bai 27

Cho bién ngdu nhién hai chiéu (X,Y), khi d6 E(3X —4Y) béng:

A. 3E(X)+4E(Y) C.
B. 3E(X)—4E(Y) D.

9E(X) + 16E(Y)
9E(X) — 16E(Y)
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Bai tap 1

sam

Bai 28
Cho X va Y 1a hai bién ngdu nhién doc lap, khi d6 phuong sai V(3X — 4Y) béng:

A. 3V(X)+4V(Y) C. 9V(X)+16V(Y)
B. 9V(X)— 16E(Y) D. 3V(X)—4E(Y)

Bai 29

Cho bién ngdu nhién hai chiéu (X,Y’) bat ky, khi d6 phuong sai V(2X — 5Y) bing
A. 4V(X)—25V(Y) C. 4V(X)+25V(Y) — 20Cov(X,Y)

B. 4V(X)+ 25E(Y) D. 4V(X) - 25E(Y) + 20Cov(X,Y)
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Bai tap 1

sam

Bai 30

Cho bién ngau nhién hai chiéu (X,Y’) nhan gi4 tri trén cing mot khong gian mau S. Khi dé,
Cov(X +Y,X —Y) bang:

A, V(X)-V(Y) D. V(X?) -V (Y?
B. V(X)+V(Y) E. V(X?) —2Cov(X,Y)+V(Y?)
C. V(X?)-V(Y?) F. V(X)?-V(Y)? )
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Bai tap o1

sam

Bai 31

Gia stt ¢ la mot hang s6. Tinh chat nao sau day ctia Cov(X,Y) ctia bién ngéu nhién hai chiéu (X,Y) la SAL

A. Cov(X,Y) = Cov(Y,X)

B. Cov(X,X)=V(X)

C. Cov(X+c¢Y)=Cov(X,Y)
D. Cov(cX,Y) = cCov(X,Y)
E. Cov(X,Y)>0
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Bai 32

Cho bién ngiu nhién X va Y c¢6 bang phan phdi x4c suat dong thai la:

Y
X 1 2 3
1 0,17 | 0,13 | 0,25
0,10 | 0,30 | 0,05

Tim hé s6 tuong quan px,y .
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- N
sam

Bai 33
Trong lugng ciia nhitng ngudi chong 13 bién ngiu nhien X tuan theo luat phan phdi chuin véi ky vong 70 kg
va, do6 lech chuan 9 kg, con trong lugng ciia nhing ngudi vo 1a bién ngdu nhién Y tuan theo luat phan phdi

chudn véi ky vong 55 kg va do lech chudn 4 kg. Heé sb tuong quan trong lugng gifta vg va chong 1a 3

(a) Tim E(X —Y).
(b) Tim V(X —Y).
(c) Tinh xac suat vg ndng hon chong.
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